H^∞-Optimal Control of Singularly Perturbed

Systems with Sampled-State Measurements^∗

ZIGANG PAN and TAMER BAŞAR

1 Introduction

One of the important recent developments in control theory has been the recognition of the close relationship that exists between H^∞-optimal control problems, (originally formulated in the frequency domain [1] [2], and then extended to state space formulations [3] [4] [5] [6] [7] [8]) and a class of linear-quadratic differential games [9] [10] [11] [12] [13], which has not only led to simpler derivations of existing results on the former, but also enabled us to develop worst-case (H^∞-optimal) controllers under various information patterns, such as (in addition to perfect and imperfect state measurements) delayed state and sampled state measurements [14] [15]. An up-to-date coverage of this relationship and the derivation of H^∞-optimal controllers under different information patterns can be found in the recent book [16], which also contains an extensive list of references on the topic.

It is by now well-known that in both finite- and infinite-horizon formulations ,under sampled-data state measurements, one can come arbitrarily close to the H^∞-optimal performance level by designing a dynamic controller, of the same order as that of the plant (which may also include the dynamics of the disturbance, if any), whose construction involves the solution of a parametrized differential or algebraic Riccati equation, subject to the condition that the system can be stabilized to attain the performance level on each sampling interval. The problem we address in this paper is the possible order reduction of this controller when the plant exhibits open-loop time-scale separation. In state space, such systems are commonly modeled using the mathematical framework of singular perturbations, with a small parameter, say ϵ, determining the degree of separation between the “slow” and “fast” modes of the system [17]. In this framework, our objective may be rephrased as one of obtaining “approximate” controllers which do not depend on the singular perturbation parameter ϵ, and proving that these approximate controllers can be used “reliably” on the original system when ϵ > 0 is sufficiently small.

In an earlier paper, [18], we have already initiated a study on this prob-

∗Research supported in part by the National Science Foundation under Grant ECS 91-13153, and in part by the U.S. Department of Energy under Grant DE-FG-02-88- ER-13939. 23

24 Z. Pan and T. Başar

lem when the controller has access to full state information, where we use the framework of differential games. One of our results in this context has been that the H^∞-optimal performance does not show continuity at ϵ = 0, in the sense that the performance of the original system as ϵ → 0 is not necessarily the same as the H^∞-optimal performance of the reduced-order (slow) system, even if the fast subsystem is stable. We have actually proven that the former is upper bounded by the maximum of the H^∞-optimal performances of the “slow” and “fast” subsystems, appropriately defined. We have also constructed composite controllers (from parametrized solutions of slow and fast games), independently of ϵ, which guarantee a desired achievable performance level for the full-order plant when ϵ is sufficiently small. In another paper, [19], we studied the same problem for the case when full state measurements are not available, which is the well-known four-block problem. In this case the composite controller exhibits a performance loss due to the lack of knowledge of the small singular perturbation parameter, which was not the case under perfect state measurements.

In the present paper, we develop counterparts of the results of [18] for the sampled-data measurements case. Some of our conclusions are similar in spirit to those of [18] (though details of proofs are much more involved), while some others are quite different. For a brief preview of our main results, let us introduce the quantity γ^∗_{SD}(ϵ) to denote the H^∞-optimum performance of the full-order system under sampled-data state measurements, and the quantities γ_{SDs} and γ_{of} to denote the H^∞-optimum performances of (appropriately defined) reduced slow subsystems under sampled-data state measurements and fast subsystems under open-loop state measurements, respectively. We first show that γ^∗_{SD} (ϵ = 0) is bounded above by max{γ_{SDs}, γ_{of} }. We then obtain a “slow” controller, designed based on the slow subsystem only (though with the knowledge of γ_{of} ) and independent of the singular perturbation parameter, under which the associated differential game has a bounded upper value, to achieve any desired achievable H^∞-performance level for the full-order problem.

The problem of designing controllers for singularly perturbed systems subject to unknown disturbances has been studied before in the literature, notably in papers [20], [21], [22], where the objective has been to obtain composite controllers that guarantee stability of the overall (possibly nonlinear) system. The main approach of the authors in these papers has involved the construction of appropriate Lyapunov functions, in terms of which a class of stabilizing controllers has been characterized. However, no optimality properties have been associated with these controllers, which is our main concern in this paper. Yet another paper that deals with uncertain (linear) systems which exhibit time-scale separation is [23], which obtains a two-frequency-scale decomposition for H^∞-disk problems, but does not address the issue of optimal controller design. There are a number of papers that have studied the problem of sampled-data H^∞-optimal control for regular systems; see, for example, [14] [15] [24] [25].

Sampled-Data H^∞-Control 25

The balance of the present paper is organized as follows. In the next section (Section 2) we formulate the singularly perturbed H^∞-optimal control problem with sampled-data state measurements, and identify the associated linear-quadratic differential game. We also provide in that section the solution to the full-order problem, for both finite and infinite horizons. Then, we identify appropriate slow and fast subsystems, and define the associated differential games. In Section 3, we construct the “slow” sampled-data controller, and study its optimality as well as its robustness to order reduction. Section 4 presents some numerical results to illustrate the theory, and Section 5 provides a discussion on some immediate extensions. The paper ends with three Appendices, which provide the details of some of the derivations given in the main body of the paper.

2 Problem Formulation

The system under consideration, with slow and fast dynamics, is described in the standard “singularly perturbed” form by { ẋ_1 = A_{11}(t)x_1 + A_{12}(t)x_2 + B_1(t)u + D_1(t)w; x_1(0) = 0 ϵẋ_2 = A_{21}(t)x_1 + A_{22}(t)x_2 + B_2(t)u + D_2(t)w; x_2(0) = 0 (1)

where x^′ := (x^′_1, x^′_2) is the n-dimensional state vector, with x_1 of dimension n_1 and x_2 of dimension n_2 := n − n_1; u is the control input, and w is the disturbance, each belonging to appropriate (L^2) Hilbert spaces H_x, H_u and H_w, respectively, defined on the time interval [0, t_f ]. The control input u is generated by a sampled-data control policy μ_{SD}, according to

u(t) = μ_{SD}(t, x(t_k), x(t_{k−1}), . . . , x(t_1), x_0) t_k ≤ t < t_{k+1} (2)

where 0 < t_1 < · · · t_K = t_f are the sampling times, μ(·) is piecewise continuous in t and measurable in x_0, x(t_1), . . . , x(t_K) . Let us denote the class of all these controllers by M_{SD}. With this system, we associate the standard quadratic performance index L(u, w) = |x(t_f )|^2_{Qf} + ∫_{tf} 0 (|x(t)|^2_{Q(t)} + |u(t)|^2) dt ≡ |x(t_f )|^2_{Qf} + ‖x‖^2_Q + ‖u‖^2; Q_f ≥ 0, Q(.) ≥ 0 (3)

where Q_f will show dependence on ϵ > 0, as to be clarified later. Let us also introduce the notation J(μ_{SD} , w) to denote L(u, w), with u given by (2). The H^∞-optimal control problem is the minimization of the quantity sup w∈H_w {J(μ_{SD}, w)}^{1/2}/‖w‖ (4) over all permissible controllers μ_{SD}, or if a minimum does not exist to find a controller μ_{SD} that will ensure a performance within a given neighborhood

26 Z. Pan and T. Başar

of the infimum of (4). Let us denote this infimum by γ^∗_{SD}(ϵ), i. e. inf μ_{SD} ∈M_{SD} sup w∈H_w {J(μ_{SD}, w)}^{1/2}/‖w‖ = γ^∗_{SD}(ϵ) (5) where we explicitly show the dependence of γ^∗_{SD} on the singular perturbation parameter ϵ > 0.

For each ϵ > 0, we can associate a soft-constrained linear-quadratic differential game with this worst-case design problem (see [16]), which has the cost function L_γ (u, w) = L(u, w) − γ^2‖w‖^2 (6)

The performance level γ^∗_{SD} (ϵ) in (5) is then the “smallest” value of γ ≥ 0 under which the differential game with state equation (1) and cost function (6) has a bounded upper value, when u is chosen according to (2). We also know that for every fixed ϵ > 0, and for each γ > γ^∗_{SD}(ϵ), this differential game admits a saddle-point solution, with the saddle-point controller μ^∗_{SD} being a linear feedback law that depends only on the most recent sampled value of the state (see [16], chapter 4).

Even though the problem formulated above has been solved completely for every ϵ > 0, the computation of γ^∗_{SD} (ϵ) and a corresponding H^∞- optimal or suboptimal controller for small values of ϵ > 0 present serious difficulties, due to numerical stiffness. To remedy this, we pose in this paper the question of whether γ^∗_{SD}(ϵ) and the H^∞-optimal controller can be determined for small value of ϵ > 0 by solving well-behaved ϵ-independent smaller-order problems, as in the case of the singularly perturbed linearquadratic regulator problem ([26]). Another question of interest is whether the fast subsystem dynamics can be neglected completely in the design of such controllers, and if so under what conditions.

Before studying these questions, we first present the solution to the full-order problem, under four basic assumptions:

Assumption 1 Q_f and Q(.) in (3) are partitioned as

Q_f = [ Q_{f11} ϵQ_{f12} ϵQ_{f21} ϵQ_{f22} ] ; Q(t) = [ Q_{11}(t) Q_{12}(t) Q_{21}(t) Q_{22}(t) ]

where in each case the 11-block is of dimension n_1 × n_1, and the 22-block of dimension n_2 × n_2.

Assumption 2 A_{ij}(t), Q_{ij}(t), B_i(t), D_i(t) (i = 1, 2 j = 1, 2) are continuously differentiable, and ‖A_{ij}‖, ‖Q_{ij}‖, ‖B_i‖, ‖D_i‖, ‖Ȧ_{ij}‖, ‖Q̇_{ij}‖, ‖Ḃ_i‖, ‖Ḋ_i‖ (i = 1, 2 j = 1, 2) are bounded on t ∈ [0, t_f ].

Assumption 3 A_{22}(t) and Q_{22}(t) are invertible for all t ∈ [0, t_f ].

Assumption 4 T_m := min_{1≤k≤K} t_k − t_{k−1} is positive and ϵ-free.

Sampled-Data H^∞-Control 27

Let us further introduce the notation A(t) and A_ϵ(t), to denote the partitioned matrices

A(t) := [ A_{11}(t) A_{12}(t) A_{21}(t) A_{22}(t) ] ; A_ϵ(t) := [ A_{11}(t) A_{12}(t) 1 ϵ A_{21}(t)^1_ϵ A_{22}(t) ]

where we take ϵ > 0. Similarly, we introduce the partitioned matrices

B(t) := [ B_1(t) B_2(t) ] ; B_ϵ(t) := [ B_1(t) 1 ϵ B_2(t) ]

D(t) := [ D_1(t) D_2(t) ] ; D_ϵ(t) := [ D_1(t) 1 ϵ D_2(t) ]

and define for each ϵ > 0, S(t; γ) = B(t)B^′(t) − 1 γ^2 D(t)D^′(t) S_ϵ(t; γ) = B_ϵ(t)B^′_ϵ(t) − 1 γ^2 D_ϵ(t)D^′_ϵ(t) with the ij-th block of S(t; γ) denoted by S_{ij} (t; γ), i, j = 1, 2.

We know from the existing theory on linear-quadratic differential games (see [27] Chapter 4 pp. 105, [16]) that for each ϵ > 0, there exists a γ̂_{SD}(ϵ) ≥ 0 such that for all γ > γ̂_{SD}(ϵ) the zero-sum differential game described by (1) and (6) has a bounded upper value (which in this case is equal to zero, because the initial states are zero), as well as a saddle point. For all such γ, the following generalized Riccati differential equations do not have conjugate points in the given time intervals:

˙Z̃ + A′_ϵZ̃ + Z̃A_ϵ − Z̃S_ϵZ̃ + Q = 0; Z̃(t_f ) = Q_f t ∈ [0, t_f ] (7)

˙P̃_k + A_{′ϵ}P̃_k + P̃_kA_ϵ + P̃_k 1_{γ2} D_ϵD_{′ϵ}P̃_k + Q = 0 P̃_k(t_k) = Z̃(t_k) t ∈ [t_{k−1}, t_k], k = K, K − 1, . . ., 1 (8) and a saddle-point controller is given by u^∗_{SD}(t) = μ^∗_{SD} (t, x(t)) = −B^′_ϵZ̃(t)Φ_ϵ(t, t_k)x(t_k) t_k ≤ t < t_{k+1}, k = 0, 1, . . ., K (9) where Φ_ϵ is the state transition function associated with the matrix

F̃ (t) := A_ϵ − [B_ϵB^′_ϵ − 1 γ^2

D_ϵD^′_ϵ]Z̃(t) (10)

For γ < γ̂_{SD}(ϵ), on the other hand, at least one of the generalized Riccati equations (7)–(8) has a conjugate point in the corresponding open interval

28 Z. Pan and T. Başar

and the game has infinite upper value under sampled-data information. The level γ̂_{SD} (ϵ) is indeed the H^∞-optimal performance level (5).

Since GRDEs of the type above (7) and (8) have been studied extensively in a recent paper [18], we will apply those results directly without further study of the full-order GRDEs here.

To obtain the ϵ-free solution, we now introduce the slow and fast subsystems as in [18].

The slow subsystems and the associated soft-constrained games

To obtain the slow dynamics associated with (1), we let ϵ = 0 and solve for x_2 (to be denoted x̄_2) in terms of x_1 =: x_s, u =: u_s, w =: w_s, and under the working Assumption 3:

x̄_2 = −A^{−1}_{22} (A_{21}x_s + B_2u_s + D_2w_s) (11)

We also introduce the transformation (12) given below (as in [18], [19])

ŵ_s = (γ^2I − D^′_2A^{′−1}_{22} Q_{22}A^{−1}_{22} D_2)^{1/2}[w_s − 1 γ^2

D^′_2(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}(B_2u_s + (A_{21} − A_{22}Q^{−1}_{22} Q_{21})x_s)] (12)

which is valid under the condition

γ^2I − D^′_2A^{′−1}_{22} Q_{22}A^{−1}_{22} D_2 > 0 (13)

Note that the dependence of ŵ_s on u_s is allowed here since we are interested in the upper value of the game. Using this transformation in (1), (11) and (6), we arrive at the following LQ structure:

ẋ_s = A2x_s + B2u_s + D2ŵ_s; x_s(0) = 0 (14)

L_{γs} = |x_s(t_f )|^2_{Qf11} + ∫_{tf} 0 (|x_s|^2_Q2 + 2x^′_sP 2u_s + |u_s|^2_R2 − |ŵ_s|^2) dt (15)

where

A2(γ) := A_{11} − A_{12}Q^{−1}_{22} Q_{21} − (A_{12}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_1D^′_2)(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}(A_{21} − A_{22}Q^{−1}_{22} Q_{21}) (16)

B2(γ) := B_1 − (A_{12}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_1D^′_2)(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}B_2(17)

D2(γ) := (D_1 − A_{12}A^{−1}_{22} D_2)(γ^2I − D^′_2A^{′−1}_{22} Q_{22}A^{−1}_{22} D_2)^{−1/2} (18) Q2(γ) := Q_{11} − Q_{12}Q^{−1}_{22} Q_{21} + (A^′_{21} − Q_{12}Q^{−1}_{22} A^′_{22})(A_{22}Q^{−1}_{22} A^′_{22}

Sampled-Data H^∞-Control 29 − 1 γ^2

D_2D^′_2)^{−1}(A_{21} − A_{22}Q^{−1}_{22} Q_{21}) (19)

P 2(γ) := (A^′_{21} − Q_{12}Q^{−1}_{22} A^′_{22})(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}B_2 (20)

R2(γ) := I + B^′_2(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}B_2 (21)

The above is the equivalence form of the representation in [18] pp.35–36.

The GRDE associated with the above transformed game is^1 Ż_s + Â^′_0Z_s + Z_sÂ_0 − Z_sŜ_0Z_s + Q̂ = 0; Z_s(t_f ) = Q_{f11} (22) where we have introduced Â_0 := A2 − B2R2−1P 2′ Ŝ_0 := B2R2−1B2′ − D2D2′ Q̂ := Q2 − P 2R2^{−1}P 2^′ It is shown in [18] pp.36–37 that Â, Ŝ_0 and Q̂ can be rewritten as Â_0 = A_{11} − A_{12}Q^{−1}_{22} Q_{21} − (S_{12} + A_{12}Q^{−1}_{22} A^′_{22})(S_{22} + A_{22}Q^{−1}_{22} A^′_{22})^{−1} ·(A_{21} − A_{22}Q^{−1}_{22} Q_{21}) (23) Ŝ_0 = S_{11} + A_{12}Q^{−1}_{22} A^′_{12} − (S_{12} + A_{12}Q^{−1}_{22} A^′_{22})(S_{22} + A_{22}Q^{−1}_{22} A^′_{22})^{−1} ·(S_{21} + A_{22}Q^{−1}_{22} A^′_{12}) (24) Q̂ = Q_{11} − Q_{12}Q^{−1}_{22} Q_{21} + (A^′_{21} − Q_{12}Q^{−1}_{22} A^′_{22})(S_{22} + A_{22}Q^{−1}_{22} A^′_{22})^{−1} ·(A_{21} − A_{22}Q^{−1}_{22} Q_{21}) (25) Now, we introduce the following set:

Γ̂_s := {γ^′ > 0 : ∀γ ≥ γ^′, (13) is satisfied and (22) has a bounded nonnegative definite solution, Z_{sγ} over [0, t_f ]} (26) and further define γ̂_s := inf{γ ∈ Γ̂_s} (27) On each of the sampling interval, the system is controlled by an openloop control law. The “open-loop” GRDE associated with the kth sampling interval, where k = 1, 2, . . ., K, is

Ṗ_{sk} +A2^′P_{sk}+P_{sk}A2 +P_{sk}D2D2^′P_{sk}+Q2 = 0; P_{sk}(t_k) = Z_{sγ} (t_k) (28) We introduce the following sets, for k = K, K − 1, . . . , 1: Γ̂_{sk} := {γ^′ ∈ Γ̂_s : ∀γ ≥ γ^′, (13) is satisfied and (28) admits a bounded nonnegative definite solution P_{sγk} over [t_{k−1}, t_k]}

1Under condition (13), Q2 > 0.

30 Z. Pan and T. Başar

and define γ_{sk} := inf{γ ∈ Γ̂_{sk}}, k = K, K − 1, . . . , 1 (29) Now, we further define γ_{SDs} := max{γ_{sK} , . . . , γ_{s1}} (30) We will see this γ_{SDs} plays an important role in our problem.

The fast subsystem and the associated soft-constrained game

Let x_f := x_2 − x̄_2, u_f := u − u_s, w_f := w − w_s and τ =^t 0_{−t} ϵ where we take t to be frozen, and t^′ to vary on the same scale as t. We define the fast subsystem and the associated cost (as in the standard regulator problem; see [26]) by d dτ x^t_f = A_{22}(t)x^t_f + B_2(t)u^t_f + D_2(t)w^t_f ; x^t_f (0) = x_f (t) (31) L^t_{γf} = ∫_∞ 0 (|x^t_f |^2_{Q22(t)} + |u^t_f |^2 − γ^2|w^t_f |^2) dτ (32)

The “feedback” GARE associated with this infinite-horizon game, for each t, is

A^′_{22}(t)Z_f + Z_f A_{22}(t) + Q_{22}(t) − Z_f S_{22}(t)Z_f = 0 (33)

and the “open-loop” GARE is

A^′_{22}(t)Z_{of} + Z_{of} A_{22}(t) + Q_{22}(t) + Z_{of} 1 γ^2

D_2(t)D_2(t)^′Z_{of} = 0 (34)

We now let γ^t_f denote the minimax disturbance attenuation bound for the H^∞-optimal control problem defined by (31)–(32) under closed-loop information, and γ^t_{of} denote the same under open-loop information,^2 where we must have γ^t_{of} ≥ γ^t_f . For every γ > γ^t_f , let Z_{fγ} (t) be the minimal positive definite solution for (33) (and, for every γ > γ^t_{of} , let Z_{ofγ} (t) be the minimal positive solution to (34)). We now define

γ_f := sup_{t∈[0,tf ]} γ^t_f ; γ_{of} := sup_{t∈[0,tf ]} γ^t_{of}

Then, for every γ > γ_{of} , the GAREs (33) and (34) both admit positive definite solutions for all t ∈ [0, t_f ]. Let

γ̄_{SD} := max{γ_{of} , γ_{SDs}} (35)

We will shortly see that this value plays an important role in our problem.

2To ensure that γt

of < ∞, it will be sufficient to take A22(t) to be Hurwitz.

Sampled-Data H^∞-Control 31

The infinite-horizon case

We now turn to the infinite-horizon case (i. e. , as t_f → ∞, as well as when t_f = ∞). We take A, B, D, Q to be time-invariant, and Q_f = 0. Furthermore, we assume that (A_ϵ, B_ϵ) is controllable, and (A_ϵ, Q) is observable. Because of the nature of the infinite-horizon game, the GRDEs in (8) will be identical, except for the length of the corresponding sampling interval. We let T := sup_{k=0,1,...} t_{k+1} − t_k (36)

Then, for each ϵ > 0, such that ∃γ̂_{SD∞} > 0, ∀γ > γ̂_{SD∞}, the following GARE and GRDE have positive definite solutions:

A^′_ϵZ̃_∞ + Z̃_∞A_ϵ − Z̃_∞S_ϵZ̃_∞ + Q = 0 (37)

˙P̃ + A′_ϵP̃ + P̃ A_ϵ + P̃ 1 γ^2

D_ϵD^′_ϵP̃ + Q = 0; P̃ (T ) = Z̃_∞, t ∈ [0, T ] (38)

and hence the infinite-horizon soft-constrained game has a finite value. The upper value is achieved by the controller

u^∗_{SD}(t) = μ^∞_{SD}(t, x) = −B^′_ϵZ̃_∞(ϵ)Φ(t, t_k)x(t_k), t_k ≤ t < t_{k+1} (39)

where Φ is the state transition function associated with the matrix

F̃_∞ := A_ϵ − (B_ϵB^′_ϵ − 1 γ^2

D_ϵD^′_ϵ)Z̃_∞ (40)

which is Hurwitz for all γ > γ̂_{SD∞}. For γ < γ̂_{SD∞}, either the GARE does not have a nonnegative definite solution or the GRDE has at least one conjugate point in [0, T ], and the game has infinite upper value. The level γ̂_{SD∞} is again the one defined in (5).

Again, since GARE and GRDE of the type above (37) and (38) have been extensively studied in [18], we will not further discuss their direct derivation here.

As in the finite-horizon case, we study the derivation of (approximate) ϵ-free solutions, by solving the slow and fast subgames separately. By following steps similar to those in the finite-horizon case, we first decompose the system into slow and fast subsystems. The slow game is described by

ẋ_s = A2x_s + B2u_s + D2ŵ_s; x_s(0) = 0 (41) L_{γs} = ∫_∞ 0 (|x_s|^2_Q2 + 2x^′_sP 2u_s + |u_s|^2_R2 − |ŵ_s|^2) dt (42)

under the condition (13) and the transformation (12), where A2, B2, D2, Q2, P 2 and R2 are as defined before, with the only difference being that they are now time-invariant. The associated GARE is

Â^′_0Z̃_s + Z̃_sÂ_0 − Z̃_sŜ_0Z̃_s + Q̂ = 0 (43)

32 Z. Pan and T. Başar

where Â_0, Ŝ_0 and Q̂ are defined as before, but now they are time-invariant.

Now, we introduce the set

Γ̂_{s∞} := {γ^′ > 0 : ∀γ ≥ γ^′, (13) is satisfied and (43) has a minimal positive definite solution, Z_{sγ} , and Â_0 − Ŝ_0Z_{sγ} is Hurwitz. } (44)

and further define^3 γ̂_{s∞} := inf{γ ∈ Γ̂_{s∞}} (45) For every γ > γ̂_{s∞}, let Z_{sγ} be the minimal positive definite solution to (43).

To study the system behavior in between the sampling intervals, we consider only the sampling interval with the longest duration, T .

The GARE associated with it is:

Ṗ_{sT} + A2^′P_{sT} + P_{sT} A2 + P_{sT} D2D2^′P_{sT} + Q2 = 0; P_{sT} (T ) = Z_{sγ} (46)

Similar to the finite-horizon case, we introduce the following set:

Γ̂_{sT} := {γ^′ ∈ Γ̂_{s∞} : ∀γ ≥ γ^′, (13) is satisfied and (46) has a bounded nonnegative definite solution P_{sγT} over [0, T ]}

and define γ_{SDs∞} := inf{γ ∈ Γ̂_{sT} }. (47) The fast part of the system is the same as in the finite-horizon case, where the coefficient matrices are now constants. The fast game is described by (31)–(32), and the GARE is the same as (33), and the “openloop” GARE is the same as (34). We will use γ_{f∞} to denote the minimax disturbance attenuation bound (and γ_{of∞} for the open-loop case), and let Z_{fγ} denote the minimal positive definite solution to (33) (and Z_{ofγ} for the open-loop case). We define, similar to (35), γ̄_{SD∞} := max{γ_{of∞}, γ_{SDs∞}} (48) This quantity will also play an important role in our analysis in the next section.

3 Main Results

Before we present the main results, we first introduce some useful matrices, defined in [18]:

U ≡ U_1Z_{sγ} + U_2

3Again, for γ̂s_∞ to be finite, it will be sufficient to have the pair (A2, B2) controllable at γ = ∞ (see [16]), which is equivalent to having the pair A11 − A12A^−122 A21, B1 − A12A^−122 B2) controllable.

Sampled-Data H^∞-Control 33

V ≡ V_1Z_{sγ} + V_2 U_1 := Q^{−1}_{22} A^′_{12} − Q^{−1}_{22} A^′_{22}(S_{22} + A_{22}Q^{−1}_{22} A^′_{22})^{−1}(S_{21} + A_{22}Q^{−1}_{22} A^′_{12}) U_2 := Q^{−1}_{22} Q_{21} + Q^{−1}_{22} A^′_{22}(S_{22} + A_{22}Q^{−1}_{22} A^′_{22})^{−1}(A_{21} − A_{22}Q^{−1}_{22} Q_{21}) V_1 := −(S_{22} + A_{22}Q^{−1}_{22} A^′_{22})^{−1}(S_{21} + A_{22}Q^{−1}_{22} A^′_{12}) V_2 := (S_{22} + A_{22}Q^{−1}_{22} A^′_{22})^{−1}(A_{21} − A_{22}Q^{−1}_{22} Q_{21})

We now introduce the ϵ-free sampled-data controller we will use in the full-order system to achieve a desired performance level:

u_{SD}(t) = μ_{SD}(t, x_{1 k−1}) = −(B^′_1Z_{sγ} + B^′_2V )x^∗_1(t), t ∈ [t_{k−1}, t_k] (49)

where x^∗_1 is the solution to

ẋ^∗_1 = (Â_0 − Ŝ_0Z_{sγ} )x^∗_1, x^∗_1(t_{k−1}) = x_{1 k−1} t ∈ [t_{k−1}, t_k] (50)

We introduce the maximizing disturbance corresponding to this control as w_{SD}(t) = 1 γ^2

(D^′_1Z_{sγ} + D^′_2V )x^∗_1(t), t ∈ [t_{k−1}, t_k] k = K, . . . , 1 (51)

The corresponding trajectory for x_2, obtained by setting ϵ = 0 and letting u and w in (11) be the ones defined in (49) and (51), is

x^∗_2 = −U x^∗_1 (52)

It is not difficult to see that, on each sampling interval [t_{k−1}, t_k] and under the initial condition x^∗_1(t_{k−1}) = x_{1 k−1}, the x^∗_1 generated by (50) is actually the optimal trajectory for the slow subgame under closed-loop information (the terminal cost term in the cost function being |x_s|^2_{Zsγ(tk)}) with the optimal control and corresponding maximizing disturbance being u_{SD} and w_{SD}, respectively, (actually, they are particular representations of the optimal control and corresponding disturbance along the optimal trajectory), and x^∗_2 also coincides with x̄_2, introduced in (11), generated by x^∗_1, u_{SD} and w_{SD} (see Appendix A). Let x^∗ denote (x^∗_1^′ x^∗_2^′)^′.

The finite-horizon case

Theorem 1 For the singularly perturbed system (1)–(6), let Assumptions 1–4 be satisfied, A_{22}(t) be Hurwitz for each t ∈ [0, t_f ], and the following condition hold:

Q_{f22} ≤ Z_{fγ} (t_f ), where Z_{fγ} (t_f ) is the solution to (33) at t = t_f with γ fixed.

Then,

1. γ^∗_{SD} (ϵ) ≤ γ̄_{SD} , asymptotically as ϵ → 0, where γ̄_{SD} , as defined in (35), is finite.

34 Z. Pan and T. Başar

2. ∀γ > γ̄_{SD} , ∃ϵ_γ > 0 such that ∀ϵ ∈ [0, ϵ_γ), the set of equations (7)–(8) admits nonnegative definite solutions, and consequently, the full-order game (1)–(6) has a finite value.

3. ∀γ > γ̄_{SD} , if we apply the controller defined in (49), μ_{SD}, to the system, then ∃ϵ^′_γ > 0 such that ∀ϵ ∈ [0, ϵ^′_γ), the disturbance attenuation level γ is attained for the full-order system.

Proof We first note that under Assumption 3, and with A_{22} being Hurwitz for every fixed t ∈ [0, t_f ], the fast subsystem is open-loop stable and hence γ_{of} < ∞. Then we have γ̄_{SD} finite. Fix γ > γ̄_{SD} ,^4 by Theorem 2 in [18],^5 (7) does not have a conjugate point on [0, t_f ] for small ϵ, and the solution can be approximated by

Z̃ = [ Z_{sγ} (t) + O(ϵ) ϵ(Z^′_c + Z_{cb}(τ )^′) + O(ϵ^2) ϵ(Z_c + Z_{cb}(τ )) + O(ϵ^2) ϵ(Z_{fγ} (t) + Z_{fb}(τ )) + O(ϵ^2) ] (53)

for all t ∈ [0, t_f ], where Z_c := Z_{fγ} (t)U + V , Z_{cb}(τ ) and Z_{fb}(τ ) are the boundary layer terms and as τ → −∞ they converge to 0 exponentially in the τ time scale.

On each sampling interval [t_{k−1}, t_k], we have Z_{ofγ} (t_k) ≥ Z_{fγ} (t_k) and γ > max{γ_{sk}, γ_{of} }, and hence each “open-loop” GRDE in (8) does not have a conjugate point on its corresponding time interval for small ϵ (see [18] Theorem 2). Thus, results 1) and 2) are proved.

To prove 3), we will use a dynamic programming argument to show that the control u_{SD} actually achieves the γ performance level, i. e. , sup w∈H_w L_γ (u_{SD}, w) = 0. First, we write out the dynamic programming equation, adapted to the sampling intervals over which u_{SD} was defined: sup w[0_{,tf} ] L_γ (u_{SD}, w)

= sup_{w[0,t} 1] { ∫_{t1} 0 (|x|^2_Q + |u_{SD}|^2 − γ^2|w|^2) dt + sup_{w[t} 1 ,t2] {· · · + sup

w[_{tK}�1_{,tf} ] {|x(t_f )|^2_{Qf} + ∫_{tf} t_K�1 (|x|^2_Q + |u_{SD}|^2 − γ^2|w|^2) dt} · · ·} In this connection let us introduce

L_K (w) = |x(t_f )|^2_{Qf} + ∫_{tf} t_K�1

(|x(t)|^2_{Q(t)} + |u_{SD}|^2 − γ^2|w|^2) dt (54)

4Since γ > γ of , then the condition (13) is satisfied by Lemma 2 in [18].

5As discussed in [18], γ̂s ≥ γs, where γs is defined in [18] pp.11.

Sampled-Data H^∞-Control 35

L^∗_K = sup

w[_{tK}�1_{,tf} ]

L_K (w) (55)

L_i(w) = L^∗_{i+1} + ∫_{ti} t_i�1

(|x(t)|^2_{Q(t)} + |u_{SD}|^2 − γ^2|w|^2) dt (56)

L^∗_i = sup_{w[t}

i�1^{,t}i^]

L_i(w) ; i = K − 1, . . . , 1 (57)

If we can show that L^∗_1 is bounded for small ϵ (by linearity of the problem, it must be zero), then it follows that the control achieves the γ bound.

We first consider stage K. Let x(t_{K−1}) = x_{K−1}. Introduce a new state variable:

x̃ := x − x^∗ (58) It is shown in Appendix B that x̃ satisfies the singularly perturbed differential equation [˙ x̃_1 ϵ ˙x̃_2 ] = A(t)x̃ + D(t)w − D(t)w_{SD}(t) − [ 0 O(ϵ) ] x^∗_1 (59)

Furthermore, we can rewrite the cost L_K (w) as

L_K (w) = |x(t_f )|^2_{Qf} + ∫_{tf} t_K�1

(|x(t)|^2_{Q(t)} + |u_{SD}(t)|^2 − γ^2|w(t)|^2) dt

= |x^∗(t_f )|^2_{Qf} + 2x̃^′(t_f )Q_f x^∗(t_f ) + |x̃(t_f )|^2_{Qf} + ∫_{tf} t_K�1 (|x̃(t)|^2_{Q(t)} +2x̃^′(t)Q(t)x^∗(t) + |x^∗(t)|^2_{Q(t)} + |u_{SD}(t)|^2 − γ^2|w(t)|^2 +γ^2|w_{SD}(t)|^2 − γ^2|w_{SD}(t)|^2) dt

Since x^∗, u_{SD} and w_{SD} coincide with the solution of the slow subsystem under perfect state measurements, we have that

|x^∗_1(t_{K−1})|^2_{Zsγ(tK}�_{1)} = |x^∗_1(t_f )|^2_{Qf11} + ∫_{tf} t_K�1 (|x^∗(t)|^2_{Q(t)} +|u_{SD}(t)|^2 − γ^2|w_{SD}(t)|^2) dt (60)

Now, using the structure of Q_f and a “completion of squares” argument, we arrive at the following expression:^6

L^∗_K = |x_{1 K−1}|^2_{Zsγ(tK}�_{1)+O(ϵ)} + |x̃(t_{K−1})|^2_{Pϵ(tK}�_{1)} +2Y^′_ϵ (t_{K−1})x̃(t_{K−1}) + m(t_{K−1})

where P_ϵ(t), Y_ϵ(t) and m(t) are the solutions to

Ṗ_ϵ + A^′_ϵP_ϵ + P_ϵA_ϵ + P_ϵ^1_{γ2} D_ϵD^′_ϵP_ϵ + Q = 0; P_ϵ(t_f ) = Q_f (61)

6The term |x 1 K−1| 2 O(ϵ) is due to O(ϵ) terms in the terminal cost term |x^∗(tf )| 2 Q_f .

36 Z. Pan and T. Başar

Ẏ_ϵ + (A′_ϵ + P_ϵ^1_{γ2} D_ϵD′_ϵ)Y_ϵ − P_ϵD_ϵw_{SD} − P_ϵ [ 0 O(1) ] x^∗_1 + Qx^∗ = 0

Y_ϵ(t_f ) = Q_f x^∗(t_f )

(62)

ṁ = −^1_{γ2} |Y_ϵ − [ Z_{sγ} ϵV ] x^∗_1|^2_{DϵD}0_ϵ + 2Y^′_ϵ [ 0 O(1) ] x^∗_1; m(t_f ) = 0 (63)

on the time interval [t_{K−1}, t_f ]. Since γ > max{γ_{of} , γ_{sK} }, by Theorem 2 in [18], P_ϵ exists for small ϵ and can be approximated by

P_ϵ = [ P_{sγ} (t) + O(ϵ) ϵ(P^′_c(t) + P^′_{cb}(τ )) + O(ϵ^2) ϵ(P_c(t) + P_{cb}(τ )) + O(ϵ^2) ϵ(Z_{ofγ} (t) + P_{fb}(τ )) + O(ϵ^2) ] (64)

where τ :=^{t−tf}_ϵ , P_{cb}(τ ) and P_{fb}(τ ) are the boundary correction terms and they converge to zero exponentially in τ time scale.

Next, we introduce Z_ϵ(t), which is the solution to the following GRDE:

Ż_ϵ +Â^′_ϵZ_ϵ +Z_ϵÂ_ϵ +Z_ϵ 1 γ^2

D_ϵD^′_ϵZ_ϵ +Q̂_w = 0; Z_ϵ(t_f ) = Q_f t ∈ [0, t_f ] (65)

where Â_ϵ := A_ϵ − B_ϵB^′ [ Z_{sγ} 0 V 0 ] (66)

Q̂_w := Q + [ Z_{sγ} V^′ 0 0 ] BB^′ [ Z_{sγ} 0 V 0 ] (67)

We can see that this GRDE is exactly the same equation as the GRDE we got in the perfect state measurements case when we apply the slow controller in the full-order system. So, by Theorem 2 in [18], the Equation (65) has a nonnegative-definite solution on [0, t_f ] for small ϵ, which can be approximated by

Z_ϵ = [ Z_{sγ} (t) + O(ϵ) ϵ(Z^′_{oc} + Z_{cb}(τ )^′) + O(ϵ^2) ϵ(Z_{oc} + Z_{cb}(τ )) + O(ϵ^2) ϵ(Z_{ofγ} (t) + Z_{fb}(τ )) + O(ϵ^2) ] (68)

where Z_{oc} := Z_{ofγ} U + V , the Z_{cb}(τ ) and Z_{fb}(τ ) are still the boundary layer correction terms and they converge to zero exponentially in the τ time scale.

Next we state the following identity, which will be used shortly: Z_ϵx^∗ − [ Z_{sγ} ϵV ] x^∗_1 = (Z_ϵ − [ Z_{sγ} 0 ϵV 0 ] )x^∗ = [ O(ϵ) O(ϵ) ϵ(Z_{ofγ} U + Z_{cb}) + O(ϵ^2) ϵ(Z_{ofγ} + Z_{fb}) + O(ϵ^2) ] x^∗ = [ O(ϵ) ϵ(Z_{cb} − Z_{fb}U ) + O(ϵ^2) ] x^∗_1 (69)

Sampled-Data H^∞-Control 37

Start with the following structure (where the partition is the same as x), which defines the variables Y_1 and Y_2:

Y_ϵ − Z_ϵx^∗ := [ Y_1 ϵY_2 ] (70)

and note that (Y^′_1 , Y^′_2)^′ thus defined satisfies the following differential equation (the detailed derivation can be found in Appendix C): [˙ Y_1 ϵẎ_2 ] = − [ F_{11} F_{12} F_{21} F_{22} ] [ Y_1 Y_2 ] − [ O(ϵ) O(ϵ) ] x^∗_1 + [ O(1) O(ϵ) ] (Z_{cb} − Z_{fb}U )x^∗_1; [ Y_1(t_f ) Y_2(t_f ) ] = 0 (71)

where

F_{11} := A^′_{11} + P_{sγ} 1 γ^2

D_1D^′_1 + (P^′_c + P^′_{cb}) 1 γ^2

D_2D^′_1 + O(ϵ)

F_{12} := A^′_{21} + P_{sγ} 1 γ^2

D_1D^′_2 + (P^′_c + P^′_{cb}) 1 γ^2

D_2D^′_2 + O(ϵ)

F_{21} := A^′_{12} + (Z_{ofγ} + P_{fb}) 1 γ^2

D_2D^′_1 + O(ϵ)

F_{22} := A^′_{22} + (Z_{ofγ} + P_{fb}) 1 γ^2

D_2D^′_2 + O(ϵ)

This is a singularly perturbed system. Let t_a be the time by which the boundary layer terms Z_{cb}, Z_{fb}, P_{cb} and P_{fb} becomes of O(ϵ). Obviously, t_a −t_f = O(ϵ ln ϵ). Since A^′_{22} +Z_{ofγ}^1_{γ2} D_2D^′_2 is Hurwitz for every fixed t and its eigenvalues are uniformly bounded away from 0 by −c for some c ∈ R^+ on [0, t_f ] (where c is ϵ-free), we have A^′_{22} +(Z_{ofγ} +P_{fb})^1_{γ2} D_2D^′_2 +O(ϵ) also Hurwitz, with its eigenvalues are bounded away from 0 by −c/2 uniformly after a boundary layer [t_b, t_f ], where now, t_b − t_f = O(ϵ). We choose ϵ small enough to make t_{K−1} < t_a < t_b (under Assumption 4). By the approximation results in singular perturbation theory (see [17] Chapter 5 Theorem 6.1), in [t_{K−1}, t_b], the state transition function for Y_1 and Y_2 is of O(1).

In [t_b, t_f ], the growth of Y_1 and Y_2 can be bounded by [ Y_1 Y_2 ] ≤ ∫_{O(ϵ)} 0 exp( 1 ϵ O(1)t) O(1) dt = O(ϵ) In [t_a, t_b], the growth of Y_1 and Y_2 can be bounded by [ Y_1 Y_2 ] ≤ ∫_{O(ϵ ln ϵ)} O(ϵ) O(1) · O(1) dt + O(ϵ) · O(1)

= o(ϵ^{1/2})

38 Z. Pan and T. Başar

Then, in [t_{K−1}, t_a], the growth can be bounded by [ Y_1 Y_2 ] ≤ ∫_{ta} t_K�1

O(1) · O(ϵ) dt + o(ϵ^{1/2}) · O(1)

= o(ϵ^{1/2})

Hence, we actually have [ Y_1(t) Y_2(t) ] = o(ϵ^{1/2}); ∀t ∈ [t_{K−1}, t_f ]

Then, we can further deduce that

Y_ϵ = [ Z_{sγ} ϵ(V + Z_{cb} − Z_{fb}U ) ] x^∗_1 + [ o(ϵ^{1/2}) o(ϵ^{3/2}) ] (72)

Now, it is clear that

m(t_{K−1}) = ∫_{tf} t_K�1 ṁ dt ≤ ∫_{ta} t_K�1 O(ϵ) dt + ∫_{tf} t_a (O(ϵ) + b(τ )) dt = O(ϵ) where b(τ ) is some term that is exponentially decaying in the τ time scale.

Since the terminal condition and driving terms in (62) are linear functions of x_{1 K−1}, Y_ϵ is also a linear function of x_{1 K−1} and consequently ṁ(t) and m(t_{K−1}) are quadratic functions of it. Thus, m(t_{K−1}) = x^′_{1 K−1}O(ϵ)x_{1 K−1} Since x^∗(t_{K−1}) = [x^′_{1 K−1}, −x^′_{1 K−1}U^′(t_{K−1})]^′ and x_1(t_{K−1}) = x_{1 K−1}, we have x̃(t_{K−1}) = [ 0 x_{2 K−1} + U (t_{K−1})x_{1 K−1} ]

Consequently,

L^∗_K = |x_{1 K−1}|^2_{Zsγ(tK}�_{1)+O(ϵ)} + |x̃(t_{K−1})|^2_{Pϵ(tK}�_{1)} + 2Y^′_ϵ (t_{K−1})x̃(t_{K−1}) = |x_{1 K−1}|^2_{Zsγ(tK}�_{1)+O(ϵ)} + |x_{2 K−1} + U (t_{K−1})x_{1 K−1}|^2_{ϵZofγ(tK}�_{1)+O(ϵ}2_) +2x^′_{1 K−1}(ϵV (t_{K−1}) + o(ϵ^{3/2}))^′(x_{2 K−1} + U (t_{K−1})x_{1 K−1}) = x^′_{K−1} [ Z_{sγ} + O(ϵ) ϵZ^′_{oc} + o(ϵ^{3/2}) ϵZ_{oc} + o(ϵ^{3/2}) ϵZ_{ofγ} (t) + O(ϵ^2) ]| | t=t_K�1

x_{K−1} (73)

Now, we consider the next stage, K − 1. The arguments used for the analysis of stage K are equally valid here, with the only difference being

Sampled-Data H^∞-Control 39

that we now have to watch for the effect of the additional terminal cost perturbation term, which is x^′_{K−1} [ O(ϵ) o(ϵ^{3/2}) o(ϵ^{3/2}) O(ϵ^2) ] x_{K−1}, The solution to (61), P_ϵ, will still exist, and will have the same form as in (64) for small ϵ (since the solution of ϵ-free lower order problems depend continuously on the terminal condition). Due to the perturbation term, the terminal conditions for Y_1 and Y_2 will not be zero as in stage K, but they will be o(ϵ^{1/2}). Note that, in this stage, there is no longer a boundary layer term for Z_ϵ. Thus, it is easy to see that Y_1 and Y_2 will still be of order o(ϵ^{1/2}) in [t_{K−2}, t_{K−1}], and consequently the approximation in (72) still holds.

Also, the perturbation term will not affect the approximation for the terms containing only x^∗ because the state transition function for x^∗ is of O(1). Then, L^∗_{K−1} will be of the same approximation form as L^∗_K but the evaluation time is at t_{K−2}.

Since there is only a finite number of sampling intervals, we can find ϵ^′_γ > 0 such that ∀ϵ ∈ [0, ϵ^′_γ), L^∗_1 is bounded (and L^∗_1 have the approximation form as in (73)). This completes the proof of 3). 2

The infinite-horizon case

To guarantee that γ̄_{SD∞} is finite (although the theorem to be presented below is true also when it is infinite), we make two additional assumptions:

Assumption 5 (A_{11} − A_{12}A^{−1}_{22} A_{21}, Q_{11} − Q_{12}Q^{−1}_{22} Q_{21}) is observable.

Assumption 6 (A_{11} − A_{12}A^{−1}_{22} A_{21}, B_1 − A_{12}A^{−1}_{22} B_2) is controllable and A_{22} is Hurwitz.

Theorem 2 Consider the singularly perturbed system (1)–(6), with t_f = ∞, Q_f = 0 and A, B, D, Q time-invariant. If Assumptions 1–6 hold, then

1. γ^∗_{SD∞}(ϵ) → γ̄_{SD∞} asymptotically as ϵ → 0^+, where γ̄_{SD∞}, defined in (48), is finite.

2. ∀γ > γ̄_{SD∞}, ∃ϵ_γ > 0 such that ∀ϵ ∈ [0, ϵ_γ), equation (37) admits a positive definite solution and (38) admits a nonnegative definite solution over the interval [0, T ], and consequently, the game has a finite upper value.

3. ∀γ > γ̄_{SD∞}, if we apply the controller μ_{SD} defined in (49) to the system, then ∃ϵ^′_γ > 0 such that, ∀ϵ ∈ [0, ϵ^′_γ), the disturbance attenuation level γ is attained for the full-order system.

40 Z. Pan and T. Başar

Proof We first note that under the assumptions stated, the slow game has a saddle-point solution for sufficiently large values of γ, since at γ = ∞ the problem becomes a “regular” LQR problems admitting stabilizing optimal controller. This shows that γ̂_{s∞} is finite. Also, since the fast subsystem is open-loop stable, γ_{of∞} < ∞. These implies that γ̄_{SD∞} is finite. Now fix γ > γ̄_{SD∞}. By arguments similar to those used in the finite-horizon case, we can easily deduce that 2) is true, and lim sup_{ϵ→0}+ γ^∗_{SD∞}(ϵ) ≤ γ̄_{SD∞}. For any γ < γ̄_{SD∞}, by the Theorem 2 of [28] and its proof, either the GARE (37) doesn’t admit any nonnegative definite solutions or the GRDE (38) has at least one conjugate point in the interval [0, T ]. Hence, 1) follows.

For 3), we first note here that the controller is the same as in the finitehorizon case. Since we have already shown validity of the result when t_f is finite, it will be sufficient here to find a ϵ^′_γ > 0 that works (uniformly) when t_f → ∞. Toward this end, we first note that since Â_0 − Ŝ_0Z_{sγ} is Hurwitz, we can find a constant matrix Δ > 0 such that

(Â_0 − Ŝ_0Z_{sγ} )^′Δ + Δ(Â_0 − Ŝ_0Z_{sγ} ) < 0.

Then, we have

|x^∗_1(T )|^2_Δ < α|x^∗_1(0)|^2_Δ; for some α ∈ (0, 1)

Consider a sample interval of length T (which we may as well assume to be [0, T ] due to the time-invariant nature), with the “cost to go” being x(T )^′ [ Z_{sγ} + δΔ ϵ(U^′Z_{ofγ} + V^′) ϵ(Z_{ofγ} U + V ) ϵ(Z_{ofγ} + δI_{n2} ) ] x(T ) := |x(T )|^2_Ξ (74)

where δ is some small positive real number. We introduce the cost function to be

L_T (w) := |x(T )|^2_Ξ + ∫_T 0 (|x(t)|^2_{Q(t)} + |u_{SD}|^2 − γ^2|w|^2) dt

By following a line of reasoning similar to that in the finite-horizon case, we first introduce the new set of state variables x̃ := x − x^∗. By Appendix B, x̃ satisfies the following dynamics: [˙ x̃_1 ϵ ˙x̃_2 ] = A(t)x̃ + D(t)w − D(t)w_{SD}(t) − [ 0 ϵU (Â_0 − Ŝ_0Z_{sγ} ) ] x^∗_1

Then, we can rewrite the L_T into the following form:

L_T (w) = |x^∗(T )|^2_Ξ + 2x̃^′(T )Ξx^∗(T ) + |x̃(T )|^2_Ξ + ∫_T 0 (|x̃(t)|^2_{Q(t)} +2x̃^′(t)Q(t)x^∗(t) + |x^∗(t)|^2_{Q(t)} + |u_{SD}(t)|^2 − γ^2|w(t)|^2

+γ^2|w_{SD}(t)|^2 − γ^2|w_{SD}(t)|^2) dt

Sampled-Data H^∞-Control 41

By following the same arguments as in the finite-horizon case, we deduce that those terms containing only x^∗ in L_T can be approximated by

|x^∗_1(0)|^2_{Zsγ +O(ϵ)+O(ϵδ)} + |x^∗_1(T )|^2_{δΔ} ≤ |x^∗_1(0)|^2_{Zsγ +O(ϵ)+O(ϵδ)} + α|x^∗_1(0)|^2_{δΔ} = |x^∗_1(0)|^2_{Zsγ +αδΔ+O(ϵ)+O(ϵδ)} By using a “completion of squares” argument, we can compute that

L^∗_K = |x_1(0)|^2_{Zsγ+αδΔ+O(ϵ)+O(ϵδ)} + |x̃(0)|^2_{Pϵ(0)} + 2Y^′_ϵ (0)x̃(0) + m(0)

where P_ϵ(t), Y_ϵ(t) and m(t) are again the solutions to

Ṗ_ϵ + A′_ϵP_ϵ + P_ϵA_ϵ + P_ϵ^1_{γ2} D_ϵD′_ϵP_ϵ + Q = 0; P_ϵ(T ) = Ξ (75)

Ẏ_ϵ + (A^′_ϵ + P_ϵ^1_{γ2} D_ϵD^′_ϵ)Y_ϵ − P_ϵD_ϵw_{SD} − P_ϵ [ 0 O(1) ] x^∗_1 + Qx^∗ = 0 Y_ϵ(T ) = Ξx^∗(T )

(76)

ṁ = −^1_{γ2} |Y_ϵ − [ Z_{sγ} ϵV ] x^∗_1|^2_{DϵD}0_ϵ + 2Y^′_ϵ [ 0 O(1) ] x^∗_1; m(T ) = 0 (77)

on the time interval [0, T ]. Since γ > max{γ_{SDs∞}, γ_{of∞}} and the solution to the ϵ-free lower-order GRDE depends continuously on terminal condition, we can choose δ small enough (but still ϵ-free) to make P_ϵ exist for small ϵ. Then P_ϵ will have the same approximation form as in (64).

Let Z_ϵ be the solution to the following GARE:

Â^′_ϵZ_ϵ + Z_ϵÂ_ϵ + Z_ϵ 1 γ^2

D_ϵD^′_ϵZ_ϵ + Q̂_w = 0 (78)

where Â_ϵ and Q̂_w are defined in (66) and (67). By the same argument as in finite-horizon case, Z_ϵ exists, and it can be approximated by

Z_ϵ = [ Z_{sγ} (t) + O(ϵ) ϵ(U^′Z_{ofγ} + V^′) + O(ϵ^2) ϵ(Z_{ofγ} U + V ) + O(ϵ^2) ϵZ_{ofγ} (t) + O(ϵ^2) ] (79)

Note here Z_ϵ does not have any boundary layer terms. Thus, we have Z_ϵx^∗ − [ Z_{sγ} ϵV ] x^∗_1 = O(ϵ)

Next we define Y_1 and Y_2 as in the finite-horizon case (see (70)), and follow a similar reasoning, to show that [ Y_1(t) Y_2(t) ] = O(ϵ) + O(δ); ∀t ∈ [0, T ]

42 Z. Pan and T. Başar

Consequently, we have the following:

Y_ϵ = [ Z_{sγ} ϵV ] x^∗_1 + [ O(ϵ) + O(δ) O(ϵ^2) + O(ϵδ) ]

m(0) = O(ϵ^2) + O(ϵδ) + O(δ^2)

Hence, by choosing ϵ small enough so that the boundary terms of P_ϵ die out at t = 0, we arrive at

L^∗_T = x^′(0) [ Z_{sγ} + αδΔ + O(ϵ) + O(δ^2) ϵZ^′_{oc} + O(ϵ^2) + O(ϵδ) ϵZ_{oc} + O(ϵ^2) + O(ϵδ) ϵZ_{ofγ} + O(ϵ^2) ] x(0)

:= |x(0)|^2_{Ξ̃}

Now, we first choose a small enough δ_0 > 0 so that O(δ^2) ≪ O(δ); then we find a small enough ϵ^′_γ > 0 so that O(ϵ) ≪ O(δ), O(ϵδ) ≪ O(δ) and O(ϵ^2) ≪ O(ϵδ). Then, ∀ϵ ∈ (0, ϵ^′_γ ], Ξ > Ξ̃.

Noticing the following two facts:

1. We can obtain the above results for every T^′ ∈ [T_m, T ], the quantity δ_0 can be chosen uniformly on [T_m, T ], and the dependence of ϵ^′_γ on T^′ ∈ [T_m, T ] is continuous.

2. If the terminal cost is decreased, the maximal cost for a given controller is not increased.

Thus, we deduce that, we can find a ϵ^′_γ > 0 that works for all T^′ ∈ [T_m, T ]. Then, ∀ϵ ∈ (0, ϵ^′_γ], the infinite horizon game (1)–(6) has a bounded upper value , which is bounded by Ξ. 2

4 Examples

We present here some numerical results for the infinite-horizon case with uniform sampling. As stressed earlier, the two quantities γ_{SDs∞} and γ_{of∞} play important roles in the computation of an approximate value for γ^∗_{SD∞}(ϵ). In the examples below, we will also compare the effectiveness of the full-order optimal sampled-data controller with that of the “slow” sampled-data controller introduced in (49) and (50) by plotting the system response (under these controllers) to various disturbance inputs.

Example 1 Consider the system [ ẋ_1 ϵẋ_2 ] = [ 2 1 −1 −2 ] [ x_1 x_2 ] + [ 2 2 ] u + [ 1 3 ] w (80)

L_γ = ∫_∞ 0 (2x^2_1 + 2x_1x_2 + 3x^2 + |u|^2 − γ^2|w|^2) dt (81)

Sampled-Data H^∞-Control 43

where we take the uniform sampling rate to be

T = 0.1

Then, the two critical performance levels are:

γ_{of∞} = 2.5981; γ_{SDs∞} = 2.8574,

which show that γ̄_{SD∞} = 2.8574. We can also compute the minimax disturbance attenuation level γ^∗_{SD∞}(ϵ) of system (80)–(81) for different values of ϵ:

γ^∗_{SD∞}(ϵ) 1.3311 2.0883 2.8127 2.8536 ϵ 1 0.1 0.01 0.001

We can see that as ϵ → 0, γ^∗_{SD∞}(ϵ) → γ̄_{SD∞}. Now, we choose γ = 3 > γ̄_{SD∞}, and design the “slow” sampled-data controller based on this value of γ:

Z_{sγ} = 2.1379; μ_{SD} = −1.1618x^∗_1

where

ẋ^∗_1 = −2.6890x^∗_1; x^∗_1(t_k) = x_1(t_k) t ∈ [t_k, t_{k+1}) k = 0, 1, . . .

Now, fix ϵ = 0.001, and design the optimal sampled-data controller μ^∗_{SD∞} for the full-order system:

μ^∗_{SD∞} = −3.3917x̂_1 − 1.0697x̂_2

where [˙ x̂_1 ^̇x_2 ] = [ −4.6930 −9.6106 −7512.2 −3604.3 ] [ x̂_1 x̂_2 ] ; x̂_i(t_k) = x_i(t_k) t ∈ [t_k, t_{k+1}) k = 0, 1, . . . In the next three figures, we show some simulation results on the response of the system to three different disturbance inputs, under the μ_{SD} and μ^∗_{SD∞} given above, with ϵ = 0.001. The disturbances are plotted in Figures 1(a), 2(a) and 3(a), which are constant, exponentially decaying, and sinusoidal, respectively; Figures 1(b) and (c), 2(b) and (c), 3(b) and (c), respectively, show plots of the corresponding full-order sampled-data control inputs and two components of the state responses to the controllers. Figures 1(d) and (e), 2(d) and (e), 3(d) and (e), respectively, do the same for the “slow” sampled-data controller. Note that the full-order controller results in a better state response, but a larger and more oscillatory control signal. ⋄

44 Z. Pan and T. Başar

Figure 1: Input/output signals for Example 1: Constant disturbance (a) disturbance input; (b) full-order controller; (c) state responses to full-order controller; (d) slow controller; (e) state responses to slow controller

Sampled-Data H^∞-Control 45

Figure 2: Input/output signals for Example 1: Exponentially decaying disturbance (a) disturbance input; (b) full-order controller; (c) state responses to full-order controller; (d) slow controller; (e) state responses to slow controller

46 Z. Pan and T. Başar

Figure 3: Input/output signals for Example 1: Sinusoidal disturbance (a) disturbance input; (b) full-order controller; (c) state responses to full-order controller; (d) slow controller; (e) state responses to slow controller

Sampled-Data H^∞-Control 47

Example 2 Consider the system [ ẋ_1 ϵẋ_2 ] = [ 2 1 2 −2 ] [ x_1 x_2 ] + [ 2 1 ] u + [ 1 1 ] w (82)

L_γ = ∫_∞ 0 (2x^2_1 + 2x_1x_2 + x^2 + |u|^2 − γ^2|w|^2) dt (83)

where the uniform sampling rate is again taken to be T = 0.1. The two critical performance levels are:

γ_{of∞} = 0.49941; γ_{SDs∞} = 1.0084.

Note that this depicts a different feature than Example 1, since γ_{s∞} > γ_{of∞}, whereas in Example 1 it was the opposite. Again in this case, we have γ̄_{SD∞} = γ_{SDs∞} = 1.0084. We can also compute the minimax disturbance attenuation level γ^∗_{SD∞}(ϵ) of the system (82)–(83) for different values of ϵ,

γ^∗_{SD∞}(ϵ) 0.75253 0.92789 1.0001 1.0080 ϵ 1 0.1 0.01 0.001

Note that as ϵ → 0, γ^∗_{SD∞}(ϵ) → γ̄_{SD∞}. Now, we choose γ = 1.01 > γ̄_{SD∞}, and design the “slow” sampled-data controller accordingly:

Z_{sγ} = 1.7836; μ_{SD} = −4.9973x^∗_1

where

ẋ^∗_1 = −4.7678x^∗_1; x^∗_1(t_k) = x_1(t_k) t ∈ [t_k, t_{k+1}) k = 0, 1, . . .

Now, fix ϵ = 0.001, and design the optimal sampled-data controller μ^∗_{SD∞} for the full-order system

μ^∗_{SD∞} = −4.9746x̂_1 − 0.25303x̂_2

where [˙ x̂_1 ^̇x_2 ] = [ −4.8210 −0.74061 153.60 −2006.4 ] [ x̂_1 x̂_2 ] ; x̂_i(t_k) = x_i(t_k) t ∈ [t_k, t_{k+1}) k = 0, 1, . . . We again present some simulation results, given in Figures 4, 5 and 6. This time the “slow” controller results in a slightly larger and more oscillatory control signal, worse response for the fast state variable, but a better response for the slow state variable. This is mainly due to the fact that the fast subsystem is less sensitive to noise than the slow subsystem. ⋄

48 Z. Pan and T. Başar

Figure 4: Input/output signals for Example 2: Constant disturbance (a) disturbance input; (b) full-order controller; (c) state responses to full-order controller; (d) slow controller; (e) state responses to slow controller

Sampled-Data H^∞-Control 49

Figure 5: Input/output signals for Example 2: Exponentially decaying disturbance (a) disturbance input; (b) full-order controller; (c) state responses to full-order controller; (d) slow controller; (e) state responses to slow controller

50 Z. Pan and T. Başar

Figure 6: Input/output signals for Example 2: Sinusoidal disturbance (a) disturbance input; (b) full-order controller; (c) state responses to full-order controller; (d) slow controller; (e) state responses to slow controller

Sampled-Data H^∞-Control 51

5 Conclusion

In this paper, we have provided a complete analysis of the singularly perturbed H^∞-optimal control problem with sampled-data state measurements in both finite and infinite horizons, by relating it to a class of singularly perturbed differential games. One of the main results of the paper is that one can totally neglect the fast dynamics, and still achieve a performance very close to that achieved using full-order controllers, which is quite different from the results obtained in the perfect and imperfect (nonsampled) state measurements cases. We construct a “slow” controller, based on the slow subsystem only and independent of the singular perturbation parameter, which can achieve any desired achievable performance level for the full-order system. Several numerical examples are included, which illustrate the theoretical results.

One immediate, but not trivial, extension of these results would be to the imperfect sampled-data measurements case, so as to obtain the counterparts of the results of [19] in the sampled-data measurements case. Another extension would be to obtain the counterparts of the results here for multitime scale systems, which, however, seems to be rather routine (though cumbersome) not requiring any new conceptual developments. Another problem of interest would be the singularly perturbed version of the problem studied in [15], where we have the additional restriction that control action remains constant on each sampling interval. Again techniques developed here seem to be of direct relevance to solve this singularly perturbed digital control problem.

Appendix A Over a typical sampling interval [t_{k−1}, t_k], consider the following game kernel for the slow subsystem:

L_{ck} = |x_s(t_f )|^2_{Zsγ(tk)} + ∫_{tk} t_k�1

(|x_s|^2_Q2 + 2x^′_sP 2u_s + |u_s|^2_R2 − |ŵ_s|^2) dt

It is easy to see, from the discussion in Section 3 of [18] about the SF information pattern for the slow subsystem, that u_{SD} given by (49) is the minimizing control input that achieves the upper value of the game under open-loop information, w_{SD} given by (51) is the corresponding maximizing disturbance under open-loop information, and x^∗_1 is the corresponding optimal trajectory.

With u_{SD}, w_{SD}, x^∗_1 given as stated, we can now compute x̄_2:

x̄_2 = −A^{−1}_{22} (A_{21}x^∗_1 + B_2u_{SD} + D_2w_{SD})

52 Z. Pan and T. Başar

= −A^{−1}_{22} (A_{21} − B_2(B^′_1Z_{sγ} + B^′_2V ) + 1 γ^2

D_2(D^′_1Z_{sγ} + D^′_2V ))x^∗_1

= −A^{−1}_{22} (A_{21} − S_{21}Z_{sγ} − S_{22}V )x^∗_1 = −A^{−1}_{22} (A_{22}U )x^∗_1 = −U x^∗_1 B We first obtain an expression for ˙x̃_1:

˙x̃_1 = ẋ_1 − ẋ^∗_1 = A_{11}x_1 + A_{12}x_2 + B_1u_{SD} + D_1w − (Â_0 − Ŝ_0Z_{sγ} )x^∗_1 = A_{11}x_1 + A_{12}x_2 + B_1u_{SD} + D_1w − (A_{11} − S_{11}Z_{sγ} − S_{12}V −A_{12}U )x^∗_1 = A_{11}x̃_1 + A_{12}x̃_2 + D_1w − D_1w_{SD}

Similarly, for ϵ ˙x̃_2:

ϵ ˙x̃_2 = ϵ(ẋ_2 − ẋ^∗_2) = A_{21}x_1 + A_{22}x_2 + B_2u_{SD} + D_2w − ϵ(U̇ + U (Â_0 − Ŝ_0Z_{sγ} ))x^∗_1 = A_{21}x̃_1 + A_{22}x̃_2 + B_2u_{SD} + D_2w + A_{21}x^∗_1 + A_{22}x^∗_2 − ϵ(U̇ +U (Â_0 − Ŝ_0Z_{sγ} ))x^∗_1 = A_{21}x̃_1 + A_{22}x̃_2 + D_2w − D_2w_{SD} − ϵ(U̇ + U (Â_0 − Ŝ_0Z_{sγ} ))x^∗_1

Thus, we have [˙ x̃_1 ϵ ˙x̃_2 ] = A(t)x̃ + D(t)w − D(t)w_{SD}(t) − [ 0 ϵ(U̇ + U (Â_0 − Ŝ_0Z_{sγ} )) ] x^∗_1

Note that if the system is time-invariant then U̇ = 0. C The verification of (71) involves some substitutions and straightforward manipulations, as given below: [˙ Y_1 ϵẎ_2 ] = −(A^′_ϵ + P_ϵ 1 γ^2

D_ϵD^′_ϵ) [ Y_1 ϵY_2 ] − (A^′_ϵ + P_ϵ 1 γ^2 D_ϵD^′_ϵ)Z_ϵx^∗ +P_ϵD_ϵw_{SD} + P_ϵ [ 0 O(1) ] x^∗_1 − Qx^∗ + (Â^′_ϵZ_ϵ + Z_ϵÂ_ϵ +Z_ϵ 1 γ^2

D_ϵD^′_ϵZ_ϵ + Q̂_w)x^∗ − Z_ϵ [ Â_0 − Ŝ_0Z_{sγ}

O(1) ] x^∗_1

= −(A^′ + P_ϵ 1 γ^2

D_ϵD^′) [ Y_1 Y_2 ] − P_ϵ 1 γ^2 D_ϵD^′_ϵ(Z_ϵx^∗ − [ Z_{sγ} ϵV ] x^∗_1)

Sampled-Data H^∞-Control 53 +P_ϵ [ 0 O(1) ] x^∗_1 − [ Z_{sγ} V^′ 0 0 ] BB^′_ϵ(Z_ϵx^∗ − [ Z_{sγ} ϵV ] x^∗_1)

+Z_ϵ(Â_ϵ + 1 γ^2 D_ϵD^′_ϵZ_ϵ − [ Â_0 − Ŝ_0Z_{sγ} 0

O(1) 0 ] )x^∗ = −(A^′ + P_ϵ 1 γ^2

D_ϵD^′) [ Y_1 Y_2 ] + P_ϵ [ 0 O(1) ] x^∗_1 − (P_ϵ 1 γ^2 D_ϵD^′ + [ Z_{sγ} B_1 + V^′B_2 0 ] B^′) [ O(ϵ) Z_{cb} − Z_{fb}U + O(ϵ) ] x^∗_1 +Z_ϵ [_1

γ2 D_1D^′_2(Z_{cb} − Z_{fb}U ) + O(ϵ) 1 ϵ (^1_{γ2} D_2D^′_2(Z_{cb} − Z_{fb}U ) + O(ϵ)) ] x^∗_1

The above can be seen to be equivalent to (71), by writing out the boundary layer differential equations for Z_{fb} and P_{fb} (from (65) and (61)), and showing that they are actually identical.

Zigang Pan Tamer Başar

Decision and Control Laboratory Coordinated Science Laboratory and the Department of Electrical and Computer Engineering University of Illinois 1308 West Main Street Urbana, IL 61801/USA

REFERENCES

[1] G. Zames, “Feedback and optimal sensitivity: Model reference transformation, multiplicative seminorms and approximate inverses,” IEEE Trans. Automat. Control, vol. AC-26, pp. 301–320, 1981.

[2] B. A. Francis, A Course in H_∞ Control Theory, vol. 88 of Lecture Notes in Control and Information Sciences. New York, NY: Springer- Verlag, 1987.

[3] J. Doyle, K. Glover, P. Khargonekar, and B. Francis, “State-space solutions to standard H_2 and H_∞ control problems,” IEEE Trans. Automat. Control, vol. AC-34, no. 8, pp. 831–847, 1989.

[4] K. Glover and J. C. Doyle, “State-space formulae for all stabilizing controllers that satisfy an H^∞-norm bound and relations to risk sensitivity,” Systems and Control Letters, vol. 11, pp. 167–172, 1988.

54 Z. Pan and T. Başar

[5] P. P. Khargonekar, I. R. Petersen, and M. A. Rotea, “H_∞-optimal control with state-feedback,” IEEE Trans. Automat. Control, vol. AC- 33, no. 8, pp. 786–788, 1988.

[6] P. P. Khargonekar, K. N. Nagpal, and K. R. Poolla, “H^∞ control with transients,” SIAM Journal on Control and Optimization, vol. 29, pp. 1373–1393, November 1991.

[7] R. Ravi, K. M. Nagpal, and P. P. Khargonekar, “H_∞ control for linear time varying systems: a state-space approach,” SIAM Journal on Control and Optimization, vol. 29, pp. 1394–1413, November 1991.

[8] A. A. Stoorvogel, The H_∞ Control Problem: A State Space Approach.

Prentice Hall, 1992.

[9] T. Başar, “A dynamic games approach to controller design: Disturbance rejection in discrete time,” in Proc. IEEE 29th Conf. on Decision and Control, (Tampa, FL), pp. 407–414, December 13-15, 1989. Also appeared in the IEEE Transactions on Automatic Control, vol. 36, no. 8, pp. 936–952, August 1991.

[10] T. Başar, “Game theory and H^∞-optimal control: The continuoustime case,” in Differential Games: Developments in Modelling and Computation, Springer-Verlag, August 1991. R. P. Hamalainen and H. K. Ehtamo, eds. Lecture Notes in Control and Information Sciences, vol. 156, pp. 171–186.

[11] K. Uchida and M. Fujita, “On the central controller: Characterizations via differential games and LEQG control problems,” Systems and Control Letters, vol. 13, no. 1, pp. 9–13, 1989.

[12] D. Limebeer, B. Anderson, P. Khargonekar, and M. Green, “A game theoretic approach to H_∞ control for time varying systems,” in Proceedings of the International Symposium on the Mathematical Theory of Networks and Systems, (Amsterdam, The Netherlands), 1989.

[13] I. Rhee and J. L. Speyer, “A game theoretic controller and its relationship to H^∞ and linear-exponential Gaussian synthesis,” in Proc. IEEE 29th Conf. on Decision and Control, (Tampa, FL), pp. 909–915, December 13-15, 1989.

[14] T. Başar, “Optimum H^∞ designs under sampled state measurements,” Systems and Control Letters, vol. 16, pp. 399–409, June 1991.

[15] H. T. Toivonen, “Sampled-data H_∞ optimal control of time-varying systems,” Automatica, vol. 28, no. 4, pp. 823–826, 1992.

[16] T. Başar and P. Bernhard, H^∞-Optimal Control and Related Minimax Design Problems: A Dynamic Game Approach. Boston, MA: Birkhäuser, 1991.

Sampled-Data H^∞-Control 55

[17] P. V. Kokotović, H. K. Khalil, and J. O’Reilly, Singular Perturbation Methods in Control: Analysis and Design. New York, NY: Academic Press, 1986.

[18] Z. Pan and T. Başar, “H^∞-optimal control for singularly perturbed systems. Part I: Perfect state measurements,” Automatica, vol. 29, March 1993.

[19] Z. Pan and T. Başar, “H^∞-optimal control for singularly perturbed systems. Part II: Imperfect state measurements,” in Proceedings of the 31st IEEE Conference on Decision and Control, (Tucson, AZ), pp. 943–948, December 1992.

[20] F. Garofalo and G. Leitmann, “A composite controller ensuring ultimate boundedness for a class of singularly perturbed uncertain systems,” Dynamics and Stability of Systems, vol. 3, no. 3 & 4, pp. 135– 145, 1988.

[21] M. Corless, G. Leitmann, and E. P. Ryan, “Control of uncertain systems with neglected dynamics,” in Deterministic Control of Uncertain Systems (A. S. I. Zinober, ed.), ch. 12, pp. 252–268, London: IEE Press, 1990.

[22] F. Garofalo and G. Leitmann, “Nonlinear composite control of a class of nominally linear singularly perturbed uncertain systems,” in Deterministic Control of Uncertain Systems (A. S. I. Zinober, ed.), ch. 13, pp. 269–288, London: IEE Press, 1990.

[23] D. W. Luse and J. A. Ball, “Frequency-scale decomposition of H^∞- disk problems,” SIAM Journal on Control and Optimization, vol. 27, pp. 814–835, July 1989.

[24] T. Chen and B. Francis, “On the L^2 induced norm of a sampled-data system,” Systems and Control Letters, vol. 15, pp. 211–219, 1990.

[25] B. Bamieh and J. B. Pearson, “A general framework for linear periodic systems with application to H^∞ sampled-data control,” IEEE Trans. Automat. Control, vol. 37, pp. 418–435, April 1992.

[26] J. H. Chow and P. V. Kokotović, “A decomposition of near-optimum regulators for systems with slow and fast modes,” IEEE Trans. Automat. Control, vol. AC-21, pp. 701–705, October 1976.

[27] T. Başar and G. J. Olsder, Dynamic Noncooperative Game Theory.

London/New York: Academic Press, 1982. Second printing 1989.

[28] Z. Pan and T. Başar, “A tight bound for the H^∞ performance of singularly perturbed systems,” CSL Report, University of Illinois, Urbana, IL, March 1992.