H1-Optimal Control for Singularly Perturbed

Systems

Part II: Imperfect State Measurements^{∗†}

Zigang Pan and Tamer Başar

Decision and Control Laboratory Coordinated Science Laboratory and the Department of Electrical and Computer Engineering University of Illinois Urbana, IL 61801/USA

Address for Correspondence: Prof. Tamer Başar Coordinated Science Laboratory University of Illinois 1308 West Main Street Urbana, IL 61801/USA Tel: 217/333-3607; Fax: 217/244-1653

∗Research supported in part by the National Science Foundation under Grant ECS 1-5-30496; and in part by the U.S. Department of Energy under Grant DE-FG-02-88-ER-13939.

†An abridged version of this paper has been presented at the 31st IEEE Conference on Decision and Control (December 16-18, 1992; Tucson, Arizona), and included in the Conference Proceedings.

Abstract

We study, in this paper, the H^∞-optimal control of singularly perturbed linear systems under general imperfect state measurements, for both finite- and infinite-horizon formulations. Using a differential game theoretic approach, we first show that as the singular perturbation parameter (say, ϵ > 0) approaches zero, the optimal disturbance attenuation level for the full-order system under a quadratic performance index converges to a value that is bounded above by the maximum of the optimal disturbance attenuation levels for the slow and fast subsystems under appropriate “slow” and “fast” quadratic cost functions, with the bound being computable independently of ϵ and knowing only the slow and fast dynamics of the system. We then construct a controller based on the slow subsystem only, and obtain conditions under which it delivers a desired performance level even though the fast dynamics are completely neglected. The ultimate performance level achieved by this “slow” controller can be uniformly improved upon, however, by a composite controller that uses some feedback from the output of the fast subsystem. We construct one such controller, via a two-step sequential procedure, which uses static feedback from the fast output and dynamic feedback from an appropriate slow output, each one obtained by solving appropriate ϵ-independent lower dimensional H^∞-optimal control problems under some informational constraints. We provide a detailed analysis of the performance achieved by this lower-dimensional ϵ-independent composite controller when applied to the fullorder system, and illustrate the theory with some numerical results on some prototype systems.

1 Introduction

One of the important recent developments in control theory has been the recognition of the close relationship that exists between H^∞-optimal control problems, (originally formulated in the frequency domain [1] [2], and then extended to state space formulations [3] [4] [5] [6] [7] [8]) and a class of linear-quadratic differential games [9] [10] [11] [12] [13], which has not only led to simpler derivations of existing results on the former, but also enabled us to develop worst-case (H^∞ -optimal) controllers under various information patterns, such as (in addition to perfect and imperfect state measurements) delayed state and sampled state measurements [14] [15]. An up-to-date coverage of this relationship and the derivation of H^∞-optimal controllers under different information patterns can be found in the recent book [16], which also contains an extensive list of references on the topic.

It is by now well-known that in both finite- and infinite-horizon formulations one can come arbitrarily close to the H^∞-optimal performance level by designing a dynamic controller, of the same order as that of the plant (which may also include the dynamics of the disturbance, if any), whose construction involves the solutions of two parametrized differential or algebraic Riccati equations, subject to some spectral radius condition. The problem we address in this paper is the possible order reduction of this controller when the plant exhibits open-loop timescale separation. In state space, such systems are commonly modeled using the mathematical framework of singular perturbations, with a small parameter, say ϵ, determining the degree of separation between the “slow” and “fast” modes of the system [17]. In this framework, our objective may be rephrased as one of obtaining “approximate” controllers which do not depend on the singular perturbation parameter ϵ, and proving that these approximate controllers can be used “reliably” on the original system when ϵ > 0 is sufficiently small.

In Part I of this paper, [18], we have already initiated a study on this problem when the controller has access to full state information, where we use the framework of differential games. One of our results in this context has been that the H^∞-optimal performance does not show continuity at ϵ = 0, in the sense that the performance of the original system as ϵ → 0 is not necessarily the same as the H^∞-optimal performance of the reduced-order (slow) system, even if the fast subsystem is stable. We have actually proven that the former is upper bounded by the maximum of the H^∞-optimal performances of the “slow” and “fast” subsystems, appropriately defined. We have also constructed composite controllers (from parametrized solutions of slow and fast games), independently of ϵ, which guarantee a desired achievable performance level for the full-order plant when ϵ is sufficiently small .

In the present paper, we develop counterparts of these results for the imperfect measurements case. Some of our conclusions are similar in spirit to those of [18] (though details of proofs are much more involved), while some others are quite different. For a brief preview of our main results, let us introduce the quantity γ^∗_I (ϵ) to denote the H^∞-optimum performance of the full-order system under imperfect state measurements, and the quantities γ_{Is} and γ_{If} to denote the H^∞-optimum performances of (appropriately defined) reduced slow and fast subsystems, respectively. We first show that γ^∗_I (ϵ = 0) is bounded above by max{γ_{Is}, γ_{If} }. We then obtain a composite controller, independent of the singular perturbation parameter, under which the associated differential game has a bounded upper value, and a desired achievable H^∞-performance bound is attained for the full-order problem. In the perfect state measurements case, the construction of the composite controller involved a parallel procedure, while here it is sequential: Obtain first a static output feedback using the fast dynamics, and then a dynamic output feedback which uses the dynamics of the “reduced” slow game.

The problem of designing controllers for singularly perturbed systems subject to unknown disturbances has been studied before in the literature, notably in papers [19], [20], [21], where the objective has been to obtain composite controllers that guarantee stability of the overall (possibly nonlinear) system. The main approach of the authors in these papers has involved the construction of appropriate Lyapunov functions, in terms of which a class of stabilizing controllers has been characterized. However, no optimality properties have been associated with these controllers, which is our main concern in this paper. Yet another paper that deals with uncertain (linear) systems which exhibit time-scale separation is [22], which obtains a two-frequency-scale decomposition for H^∞-disk problems, but does not address the issue of optimal controller design.

The balance of the present paper is organized as follows. In the next section (Section 2) we formulate the singularly perturbed H^∞-optimal control problem with imperfect state measurements, and identify the associated linear-quadratic differential game. We also provide in that section the solution to the full-order problem, for both finite and infinite horizons. In Section 3, we identify appropriate slow and fast subsystems, and define the associated differential games. The optimality of the slow controller and its robustness to order reduction are studied in Section 4. The main results are provided in Section 5, where we develop composite controllers for both the finite- and infinite-horizon cases, and obtain precise performance bounds attained by these controllers. Section 6 presents some numerical results to illustrate the theory, and Section 7 provides a discussion on some immediate extensions. The paper ends with five Appendices, which provide details of some of the derivations given in the main body of the paper.

2 Problem Formulation

The system under consideration, with slow and fast dynamics, is described in the standard “singularly perturbed” form by

ẋ_1 = A_{11}(t)x_1 + A_{12}(t)x_2 + B_1(t)u + D_1(t)w ϵẋ_2 = A_{21}(t)x_1 + A_{22}(t)x_2 + B_2(t)u + D_2(t)w y = C_1(t)x_1 + C_2(t)x_2 + E(t)w (1)

where x^′ := (x^′_1, x^′_2) is the n-dimensional state vector, with x_1 of dimension n_1 and x_2 of dimension n_2 := n − n_1; y is the measured output; u is the control input, and w is the disturbance, each belonging to appropriate (L^2) Hilbert spaces H_x, H_y, H_u and H_w, respectively, defined on the time interval [t_0, t_f ]. The initial condition for the system is [ x_1(t_0) x_2(t_0) ] := x_0

where x_0 is unknown. The control input u is generated by a control policy μ_I , according to

u(t) = μ_I (t, y_{[t0,t]}) (2)

where μ_I : [t_0, t_f ] × H_y → H_u is piecewise continuous in t and Lipschitz continuous in y, further satisfying the given causality condition. Let us denote the class of all these controllers by M_I . With this system, we associate the standard quadratic performance index

L(u, w, x_0) = |x(t_f )|^2_{Qf} + ∫ t_f t_0

(|x(t)|^2_{Q(t)} + 2x^′(t)P (t)u(t) + |u(t)|^2_{R(t)}) dt

Q_f ≥ 0, Q(.) ≥ 0, R(.) > 0 (3)

where Q_f will show dependence on ϵ > 0 (to be clarified later), and [ Q P P^′ R ] ≥ 0 Let us also introduce the notation J(μ_I, w, x_0) to denote L(u, w, x_0), with u given by (2). Given a Q_0 > 0, which will show some dependence on the ϵ, the H^∞-optimal control problem is the minimization of the quantity sup w∈Hw ; x_0∈Hx {[J(μ_I, w, x_0)]^{1/2}/[‖w‖^2 + |x_0|^2_{Q0} ]^{1/2}} (4)

over all permissible controllers μ_I , or if a minimum does not exist, the derivation of a controller μ_I that will assure a performance within a given neighborhood of the infimum of (4). Let us denote this infimum by γ^∗_I (ϵ), i. e. , inf μ_I ∈M_I sup w∈Hw; x_0∈Hx {[J(μ_I , w, x_0)]^{1/2}/[‖w‖^2 + |x_0|^2_{Q0} ]^{1/2}} := γ^∗_I (ϵ) (5)

where we explicitly show the dependence of γ^∗_I on the singular perturbation parameter ϵ > 0.

For each ϵ > 0, we can associate a soft-constrained linear-quadratic differential game with this worst-case design problem (see [16], Chapter 5, Section 1), which has the cost function

L_γ(u, w, x_0) = L(u, w, x_0) − γ^2{‖w‖^2 + |x_0|^2_{Q0} } (6)

where “u” is the minimizer and “w, x_0” the maximizer. The performance level γ^∗_I (ϵ) in (5) is then the “smallest” value of γ ≥ 0 under which the differential game with state equation (1) and cost function (6) has a bounded upper value, when u is chosen according to (2).

Even though the problem formulated above has been solved completely for every ϵ > 0 (see, e. g. , [16], Chapter 5), the computation of γ^∗_I (ϵ) and the construction of a corresponding H^∞-optimal or suboptimal controller for small values of ϵ > 0 present serious difficulties, due to numerical stiffness. To remedy this, we pose in this paper the question of whether γ^∗_I (ϵ) and the H^∞-optimal controller can be determined for small value of ϵ > 0 by solving well-behaved ϵ-independent smaller-order problems. Another question of interest is whether the fast subsystem dynamics can be neglected completely in the design of such controllers and, if so, under what conditions.

Before studying these questions, we first present the solution to the full-order problem, under three basic assumptions:

Assumption 1 Q_f , Q_0 and Q(.) in (3) and (4) are partitioned as

Q_f = [ Q_{f 11} ϵQ_{f 12} ϵQ_{f 21} ϵQ_{f 22} ] ; Q_0 = [ Q_{011} ϵQ_{012} ϵQ_{021} ϵQ_{022} ] ; Q(t) = [ Q_{11}(t) Q_{12}(t) Q_{21}(t) Q_{22}(t) ]

where in each case the 11-block is of dimension n_1 ×n_1, and the 22-block is of dimension n_2 × n_2. Also we partition the matrix P in (3) as P = [ P_1 P_2 ]

in a way compatible with the partitioning of the Q’s.

Assumption 2 A_{ij}(t), P_i(t), Q_{ij}(t), B_i(t), D_i(t), C_i(t), E(t) (i = 1, 2 j = 1, 2) are continuously differentiable on t ∈ [t_0, t_f ].

Assumption 3 Matrix functions A_{22}(t), Q_{22}(t), N(t), D_2(t)D^′_2(t), [ Q_{22}(t) P_2(t) P^′_2(t) R(t) ] ; and [ D_2(t)D^′_2(t) L_2(t) L^′_2(t) N(t) ]

are invertible for all t ∈ [t_0, t_f ], where N(t) := E(t)E^′(t), L_2(t) := D_2(t)E(t)^′.

Let us introduce the notation A(t) and A_ϵ(t) to denote the partitioned matrices

A(t) := [ A_{11}(t) A_{12}(t) A_{21}(t) A_{22}(t) ] ; A_ϵ(t) := [ A_{11}(t) A_{12}(t) 1 ϵ A_{21}(t)^1_ϵ A_{22}(t) ]

where we take ϵ > 0. Similarly, we introduce the partitioned matrices

B(t) := [ B_1(t) B_2(t) ] ; D(t) := [ D_1(t) D_2(t) ] ; L(t) := [ L_1(t) L_2(t) ] ; L_ϵ(t) := [ L_1(t) 1 ϵ L_2(t) ]

B_ϵ(t) := [ B_1(t) 1 ϵ B_2(t) ] ; D_ϵ(t) := [ D_1(t) 1 ϵ D_2(t) ] ; C(t) := [ C_1(t) C_2(t) ]

where L_1(t) := D_1(t)E^′(t).

Further, we define the following matrices:

Ā(t) := A(t) − B(t)R^{−1}(t)P^′(t); Ā_ϵ(t) := A_ϵ(t) − B_ϵ(t)R^{−1}(t)P^′(t)

Q̄(t) := Q(t) − P (t)R^{−1}(t)P^′(t); S̄(t; γ) := B(t)R^{−1}(t)B^′(t) − 1 γ^2 D(t)D^′(t)

S̄_ϵ(t; γ) := B_ϵ(t)R^{−1}(t)B^′_ϵ(t) − 1 γ^2

D_ϵ(t)D^′_ϵ(t); R̃(t; γ) := C^′(t)N^{−1}(t)C(t) − 1 γ^2 Q(t) Ã(t) := A(t) − L(t)N^{−1}(t)C(t); Ã_ϵ(t) := A_ϵ(t) − L_ϵ(t)N^{−1}(t)C(t)

M̃(t) := D(t)D^′(t) − L(t)N^{−1}(t)L^′(t); M̃_ϵ(t) := D_ϵ(t)D^′_ϵ(t) − L(t)N^{−1}(t)L^′_ϵ(t)

We already know (see [16], Chapter 5, Theorem 5.3) that for each ϵ > 0, there exists a γ̂_I ≥ 0 such that for all γ > γ̂_I the zero-sum differential game described by (1) and (6) has a bounded upper value (which in this case is equal to zero), and a controller that delivers the upper value is

u^∗_I (t) = μ^∗_I (t, y_{[t0,t]}) = −R^{−1}(B^′_ϵZ̃(t; ϵ) + P^′)x̂(t), t ≥ t_0 (7)

Here, x̂(t) is the “observer state”, generated by the differential equation:

^̇x = (Ā_ϵ − S̄_ϵZ̃)x̂ + (I − 1 γ^2

Σ̃Z̃)^{−1}(Σ̃C^′ + L_ϵ)N^{−1}(y − Cx̂ − 1 γ^2

L^′_ϵZ̃x̂); x̂(t_0) = 0 (8)

The matrix Z̃(t; ϵ) is the unique bounded nonnegative definite solution of the backward matrix Riccati differential equation

˙Z̃ + Ā′_ϵZ̃ + Z̃Ā_ϵ − Z̃S̄_ϵZ̃ + Q̄ = 0; Z̃(t_f ) = Q_f , (9)

and Σ̃(t; ϵ) is the unique bounded positive definite solution of the forward matrix Riccati differential equation

˙Σ̃ = Ã_ϵΣ̃ + Σ̃Ã′_ϵ − Σ̃R̃Σ̃ + M̃_ϵ; Σ̃(t_0) = Q−1_0 . (10)

For γ < γ̂_I , either I −^1_{γ2} Σ̃Z̃ has at least one negative eigenvalue, or one of the two Riccati equations above has a conjugate point in the open interval (t_0, t_f ), leading in each case to the conclusion that the soft-constrained game has an unbounded upper value. The level γ̂_I is indeed the H^∞-optimal performance level defined by (5).

The Riccati equation (9) also arises in the problem with perfect state measurements, which has been studied extensively in Part I of this paper [18]. It has been shown there that Z̃ admits the partitioning

Z̃ := [ Z̃_{11} ϵZ̃_{12} ϵZ̃^′_{12} ϵZ̃_{22} ] (11) where Z̃_{11}, Z̃_{12} and Z̃_{22} satisfy the following matrix differential equations:

˙Z̃_{11} + Ā′_{11}Z̃_{11} + Ā′_{21}Z̃ ′_{12} + Z̃_{11}Ā_{11} + Z̃_{12}Ā_{21} + Q̄_{11} − Z̃_{11}S̄_{11}Z̃_{11}

−Z̃_{12}S̄_{21}Z̃_{11} − Z̃_{11}S̄_{12}Z̃^′_{12} − Z̃_{12}S̄_{22}Z̃^′_{12} = 0; Z̃_{11}(t_f ) = Q_{f 11} (12) ϵ ˙Z̃_{12} + ϵĀ^′_{11}Z̃_{12} + Ā^′_{21}Z̃_{22} + Z̃_{11}Ā_{12} + Z̃_{12}Ā_{22} + Q̄_{12} − ϵZ̃_{11}S̄_{11}Z̃_{12} −ϵZ̃_{12}S̄_{21}Z̃_{12} − Z̃_{11}S̄_{12}Z̃_{22} − Z̃_{12}S̄_{22}Z̃_{22} = 0; Z̃_{12}(t_f ) = Q_{f 12} (13) ϵ ˙Z̃_{22} + ϵĀ^′_{12}Z̃_{12} + Ā^′_{22}Z̃_{22} + ϵZ̃^′_{12}Ā_{12} + Z̃_{22}Ā_{22} + Q̄_{22} − ϵ^2Z̃^′_{12}S̄_{11}Z̃_{12} −ϵZ̃_{22}S̄_{21}Z̃_{12} − ϵZ̃^′_{12}S̄_{12}Z̃_{22} − Z̃_{22}S̄_{22}Z̃_{22} = 0; Z̃_{22}(t_f ) = Q_{f 22} (14) By a standard duality argument it follows that Σ̃ admits the partitioning

Σ̃ := [ Σ̃_{11} Σ̃_{12} Σ̃′_{12}^1_ϵ Σ̃_{22} ] (15)

where Σ̃_{11}, Σ̃_{12} and Σ̃_{22} satisfy the following matrix differential equations:

˙Σ̃_{11} = Ã_{11}Σ̃_{11} + Ã_{12}Σ̃′_{12} + Σ̃_{11}Ã_{11} + Σ̃_{12}Ã′_{12} + M̃_{11} − Σ̃_{11}R̃_{11}Σ̃_{11}

−Σ̃_{12}R̃_{21}Σ̃_{11} − Σ̃_{11}R̃_{12}Σ̃^′_{12} − Σ̃_{12}R̃_{22}Σ̃^′_{12}; Σ̃_{11}(t_0) = Q^{−1}_{011} + O(ϵ) (16) ϵ ˙Σ̃_{12} = ϵÃ_{11}Σ̃_{12} + Ã_{12}Σ̃_{22} + Σ̃_{11}Ã^′_{21} + Σ̃_{12}Ã^′_{22} + M̃_{12} − ϵΣ̃_{11}R̃_{11}Σ̃_{12} − ϵΣ̃_{12}R̃_{21}Σ̃_{12} −Σ̃_{11}R̃_{12}Σ̃_{22} − Σ̃_{12}R̃_{22}Σ̃_{22}; Σ̃_{12}(t_0) = −Q^{−1}_{011}Q_{012}Q^{−1}_{022} + O(ϵ) (17) ϵ ˙Σ̃_{22} = ϵÃ_{21}Σ̃_{12} + Ã_{22}Σ̃_{22} + ϵΣ̃^′_{12}Ã^′_{21} + Σ̃_{22}Ã^′_{22} + M̃_{22} − ϵ^2Σ̃^′_{12}R̃_{11}Σ̃_{12} −ϵΣ̃_{22}R̃_{21}Σ̃_{12} − ϵΣ̃^′_{12}R̃_{12}Σ̃_{22} − Σ̃_{22}R̃_{22}Σ̃_{22}; Σ̃_{22}(t_0) = Q^{−1}_{022} + O(ϵ) (18) Of course, the preceding analysis is valid for all γ larger than sup{γ^∗_I (ϵ), 0 < ϵ ≤ ϵ_0}, where ϵ_0 is some prechosen small (positive) scalar.

For the infinite-horizon case (i. e. , as t_f → ∞ and t_0 → −∞, as well as when t_f = ∞ and t_0 = −∞), we take A, B, D, C, E, P , Q to be time-invariant, and Q_f = 0 and Q_0 = ∞, and require that x(t) → 0 as t → −∞ and t → ∞. Furthermore, we assume that (A_ϵ, B_ϵ) and (A_ϵ, D_ϵ) are controllable, and (A_ϵ, Q) and (A_ϵ, C) are observable. Then, for each ϵ > 0, there exists a γ̂_{I∞} such that, for all γ > γ̂_{I∞}, the infinite-horizon soft-constrained game has a finite upper value, achieved by the controller

u^∗_I (t) = μ^∗_{I∞}(t, y_{(−∞,t]}) = −R^{−1}(B^′_ϵZ̃_∞(t; ϵ) + P^′)x̂(t) (19) where x̂(t) is generated by the following differential equation:

^̇x = (Ā_ϵ − S̄_ϵZ̃_∞)x̂ + (I − 1 γ^2

Σ̃_∞Z̃_∞)^{−1}(Σ̃C^′ + L_ϵ)N^{−1} ·(y − Cx̂ − 1 γ^2

L^′_ϵZ̃_∞x̂); x̂(−∞) = 0 . (20)

The matrix Z̃_∞(ϵ) is the minimal positive definite solution of the generalized algebraic Riccati equation (GARE)

Ā^′_ϵZ̃_∞ + Z̃_∞Ā_ϵ − Z̃_∞S̄_ϵZ̃_∞ + Q̄ = 0 , (21)

and Σ̃_∞(ϵ) is the minimal positive definite solution of the dual GARE

Ã_ϵΣ̃_∞ + Σ̃_∞Ã^′_ϵ − Σ̃_∞R̃Σ̃_∞ + M̃_ϵ = 0 . (22)

The level γ̂_{I∞} is again the H^∞-optimal performance level of the infinite-horizon disturbance attenuation problem, and for γ < γ̂_{I∞}, the soft-constrained game has infinite upper value.

The GARE (21) has also been studied extensively in [18], where we have shown that the solution Z̃_∞ admits a partitioning that is identical with (11). Substituting this structure into the GARE leads to the following coupled algebraic Riccati equations for Z̃_{∞11}, Z̃_{∞12} and Z̃_{∞22}:

Ā^′_{11}Z̃_{∞11} + Ā^′_{21}Z̃^′_{∞12} + Z̃_{∞11}Ā_{11} + Z̃_{∞12}Ā_{21} + Q̄_{11} − Z̃_{∞11}S̄_{11}Z̃_{∞11} −Z̃_{∞12}S̄_{21}Z̃_{∞11} − Z̃_{∞11}S̄_{12}Z̃^′_{∞12} − Z̃_{∞12}S̄_{22}Z̃^′_{∞12} = 0 (23) ϵĀ^′_{11}Z̃_{∞12} + Ā^′_{21}Z̃_{∞22} + Z̃_{∞11}Ā_{12} + Z̃_{∞12}Ā_{22} + Q̄_{12} − ϵZ̃_{∞11}S̄_{11}Z̃_{∞12} −ϵZ̃_{∞12}S̄_{21}Z̃_{∞12} − Z̃_{∞11}S̄_{12}Z̃_{∞22} − Z̃_{∞12}S̄_{22}Z̃_{∞22} = 0 (24) ϵĀ^′_{12}Z̃_{∞12} + Ā^′_{22}Z̃_{∞22} + ϵZ̃^′_{∞12}Ā_{12} + Z̃_{∞22}Ā_{22} + Q̄_{22} − ϵ^2Z̃^′_{∞12}S̄_{11}Z̃_{∞12} −ϵZ̃_{∞22}S̄_{21}Z̃_{∞12} − ϵZ̃^′_{∞12}S̄_{12}Z̃_{∞22} − Z̃_{∞22}S̄_{22}Z̃_{∞22} = 0 (25)

As in the finite-horizon case, by duality arguments, we now substitute the structure (15) into (22), to arrive at the following coupled algebraic Riccati equations for Σ̃_{∞11}, Σ̃_{∞12} and Σ̃_{∞22}:

Ã_{11}Σ̃_{∞11} + Ã_{12}Σ̃^′_{∞12} + Σ̃_{∞11}Ã_{11} + Σ̃_{∞12}Ã^′_{12} + M̃_{11} − Σ̃_{∞11}R̃_{11}Σ̃_{∞11} −Σ̃_{∞12}R̃_{21}Σ̃_{∞11} − Σ̃_{∞11}R̃_{12}Σ̃^′_{∞12} − Σ̃_{∞12}R̃_{22}Σ̃^′_{∞12} = 0 (26) ϵÃ_{11}Σ̃_{∞12} + Ã_{12}Σ̃_{∞22} + Σ̃_{∞11}Ã^′_{21} + Σ̃_{∞12}Ã^′_{22} + M̃_{12} − ϵΣ̃_{∞11}R̃_{11}Σ̃_{∞12} −ϵΣ̃_{∞12}R̃_{21}Σ̃_{∞12} − Σ̃_{∞11}R̃_{12}Σ̃_{∞22} − Σ̃_{∞12}R̃_{22}Σ̃_{∞22} = 0 (27) ϵÃ_{21}Σ̃_{∞12} + Ã_{22}Σ̃_{∞22} + ϵΣ̃^′_{∞12}Ã^′_{21} + Σ̃_{∞22}Ã^′_{22} + M̃_{22} − ϵ^2Σ̃^′_{∞12}R̃_{11}Σ̃_{∞12} −ϵΣ̃_{∞22}R̃_{21}Σ̃_{∞12} − ϵΣ̃^′_{∞12}R̃_{12}Σ̃_{∞22} − Σ̃_{∞22}R̃_{22}Σ̃_{∞22} = 0 (28)

Thus completing the analysis of the direct solution to the full-order problem as ϵ → 0, we now turn, in the next two sections, to the original goal of this paper—which is the derivation of the approximate solution based on a time-scale decomposition. First we identify, in Section 3, the slow and fast subsystems associated with the original problem, and obtain the solutions of two separate H^∞-optimal control problems, one defined on the slow time scale and the other one on the fast time scale.

3 A Time-Scale Decomposition

The slow subsystem and the associated soft-constrained game

To obtain the slow dynamics associated with (1), we let ϵ = 0 and solve for x_2 (to be denoted x̄_2) in terms of x_1 =: x_s, u =: u_s, w =: w_s, y =: y_s, and under the working Assumption 3:

x̄_2 = −A^{−1}_{22} (A_{21}x_s + B_2u_s + D_2w_s) (29) Using this in the remaining equations of (1), we obtain the reduced-order (slow) dynamics: { ẋ_s = A_0x_s + B_0u_s + D_0w_s y_s = C_0x_s − C_2A^{−1}_{22} B_2u_s + E_0w_s

(30) where

A_0 := A_{11} − A_{12}A^{−1}_{22} A_{21}; B_0 := B_1 − A_{12}A^{−1}_{22} B_2; D_0 := D_1 − A_{12}A^{−1}_{22} D_2 C_0 := C_1 − C_2A^{−1}_{22} A_{21}; E_0 := E − C_2A^{−1}_{22} D_2 Using (29) also in the cost function (3) leads to the reduced (slow) cost (where we have also set ϵ = 0):

L_s = |x_s(t_f )|^2_{Qf 11} + ∫ t_f t_0

(|x_s|^2_{Q11} + 2x^′_sQ_{12}x̄_2 + |x̄_2|^2_{Q22} + 2x^′_sP_1u_s + 2x̄^′_2P_2u_s + |u_s|^2_R) dt(31) The zero-sum differential game associated with this problem has the cost function L_{γs} = L_s − γ^2(‖w_s‖^2 + |x_s(t_0)|^2_{Q011} ) (32) and we are in fact interested only in the upper value of this game.

As in the perfect state information case covered in [18], under the condition γ^2I − D^′_2A^{′−1}_{22} Q_{22}A^{−1}_{22} D_2 > 0 (33) we introduce the transformation given below to cancel the cross terms in x_s, u_s and w_s:

ŵ_s = (γ^2I − D^′_2A^{′−1}_{22} Q_{22}A^{−1}_{22} D_2)^{1/2}[w_s + (γ^2I − D^′_2A^{′−1}_{22} Q_{22}A^{−1}_{22} D_2)^{−1} ·D^′_2A^′_{22}^{−1}Q_{22}A^{−1}_{22} ((A_{22}Q^{−1}_{22} Q_{21} − A_{21})x_s + (A_{22}Q^{−1}_{22} P_2 − B_2)u_s)] (34) Note that the dependence of ŵ_s on u_s is allowed here since we are interested in the upper value of the game. Using this transformation in (30) and (32), we arrive at the following LQ structure:

ẋ_s = A2x_s + B2u_s + D2ŵ_s; x_s(t_0) = x_{1 0} (35) ŷ_s := y_s + G2u_s = C2x_s + E2ŵ_s (36)

L_{γs} = |x_s(t_f )|^2_{Qf 11} − γ^2|x_s(t_0)|^2_{Q011} + ∫ t_f t_0 ( [ x^′_s u^′_s ] [ Q2 P 2 P 2^′ R2 ] [ x_s u_s ] − |ŵ_s|^2) dt (37) where

A2(γ) := A_{11} − A_{12}Q^{−1}_{22} Q_{21} − (A_{12}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_1D^′_2)(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}

·(A_{21} − A_{22}Q^{−1}_{22} Q_{21}) (38) B2(γ) := B_1 − A_{12}Q^{−1}_{22} P_2 + (A_{12}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_1D^′_2)(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}

·(A_{22}Q^{−1}_{22} P_2 − B_2) (39) D2(γ) := D_0(γ^2I − D^′_2A^{′−1}_{22} Q_{22}A^{−1}_{22} D_2)^{−1/2} (40) G2(γ) := C_2Q^{−1}_{22} P_2 − (C_2Q^{−1}_{22} A^′_{22} − 1 γ^2

L^′_2)(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}

·(A_{22}Q^{−1}_{22} P_2 − B_2) (41) C2(γ) := C_1 − C_2Q^{−1}_{22} Q_{21} − (C_2Q^{−1}_{22} A^′_{22} − 1 γ^2

L^′_2)(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}

·(A_{21} − A_{22}Q^{−1}_{22} Q_{21}) (42) E2(γ) := E_0(γ^2I − D^′_2A^{′−1}_{22} Q_{22}A^{−1}_{22} D_2)^{−1/2} (43) Q2(γ) := Q_{11} − Q_{12}Q^{−1}_{22} Q_{21} + (A^′_{21} − Q_{12}Q^{−1}_{22} A^′_{22})(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}

·(A_{21} − A_{22}Q^{−1}_{22} Q_{21}) (44) P 2(γ) := P_1 − Q_{12}Q^{−1}_{22} P_2 − (A^′_{21} − Q_{12}Q^{−1}_{22} A^′_{22})(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}

·(A_{22}Q^{−1}_{22} P_2 − B_2) (45) R2(γ) := R − P^′_2Q^{−1}_{22} P_2 + (P^′_2Q^{−1}_{22} A^′_{22} − B^′_2)(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}

·(A_{22}Q^{−1}_{22} P_2 − B_2) (46) Detailed derivations of the above can be found in [23]; see also Appendix B for an outline of the derivation.

We can also compute (see Appendix B, and [23] for detailed derivations) L2 := D2E2^′ = 1 γ^2

L_1 − A_{12}Q^{−1}_{22} C^′_2 + (A_{12}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_1D^′_2)

·(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}(A_{22}Q^{−1}_{22} C^′_2 − 1 γ^2

L_2) (47)

N2 := E2E2^′ = 1 γ^2

N − C_2Q^{−1}_{22} C^′_2 + (C_2Q^{−1}_{22} A^′_{22} − 1 γ^2

L^′_2)(A_{22}Q^{−1}_{22} A^′_{22} − 1 γ^2

D_2D^′_2)^{−1}

·(A_{22}Q^{−1}_{22} C^′_2 − 1 γ^2

L_2) (48)

The system described by (35)–(37) is now a standard LQ differential game, but under imperfect state measurements, where the slow control u_s at time t can use only the measurements {ŷ_s(τ ), τ ≤ t}. For this system, there will exist a “minimal” γ_I > 0, such that ∀γ > γ_I , the following three conditions are satisfied^1 (see Chapter 5, pp. 146 of [16]): Condition 1 The following GRDE admits a bounded nonnegative definite solution Z_{sγ} : ˙Z̃_s + Ā2′Z̃_s + Z̃_sĀ2 − Z̃_sS̄_0Z̃_s + Q̄2 = 0; Z̃_s(t_f ) = Q_{f 11} (49)

where

Ā2 := A2 − B2R2^{−1}P 2^′; S̄_0 := B2R2^{−1}B2^′ − D2D2^′ Q̄ := Q2 − P 2R2^{−1}P 2^′

Condition 2 The following GRDE admits a bounded positive definite solution Σ̃^∗_s: ˙Σ̃_s = Ã2Σ̃_s + Σ̃_sÃ2′ − γ2Σ̃_sR̃_0Σ̃_s + 1 γ^2

M̃2; Σ̃_s(t_0) = 1 γ^2

Q^{−1}_{011} (50)

where

Ã2 := A2 − L2N2^{−1}C2; γ^2R̃_0 := C2^′N2^{−1}C2 − Q2 1 γ^2

M̃2 := D2D2^′ − L2N2^{−1}L2^′

An equivalent condition can be obtained in terms of Σ_{sγ} := γ^2Σ̃^∗_s, where the counterpart of (50) is:

Σ̇_{sγ} = Ã2Σ_{sγ} + Σ_{sγ}Ã2^′ − Σ_{sγ}R̃_0Σ_{sγ} + M̃2; Σ_{sγ} (t_0) = Q^{−1}_{011} (51)

Condition 3 The spectral radius condition 1 γ^2

Σ^{−1}_{sγ} − Z_{sγ} > 0 . (52)

Under these three conditions, the “slow” differential game has a bounded upper value. For γ < γ_I , on the other hand, at least one of the Conditions 1–3 is violated and the game has unbounded upper value.

1Note that under condition (33), Q2(γ) ≥ 0.

After some detailed manipulations (see Appendix B, as well as [23]), we arrive at the following forms for Ā2, S̄_0, Q̄2, Ã2, R̃_0 and M̃2:

Ā2 = Ā_{11} − Ā_{12}Q̄^{−1}_{22} Q̄_{21} − (S̄_{12} + Ā_{12}Q̄^{−1}_{22} Ā^′_{22})(S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā^′_{22})^{−1} ·(Ā_{21} − Ā_{22}Q̄^{−1}_{22} Q̄_{21}) (53) Q̄2 = Q̄_{11} − Q̄_{12}Q̄^{−1}_{22} Q̄_{21} + (Ā^′_{21} − Q̄_{12}Q̄^{−1}_{22} Ā^′_{22})(S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā^′_{22})^{−1} ·(Ā_{21} − Ā_{22}Q̄^{−1}_{22} Q̄_{21}) (54) S̄_0 = S̄_{11} + Ā_{12}Q̄^{−1}_{22} Ā^′_{12} − (S̄_{12} + Ā_{12}Q̄^{−1}_{22} Ā^′_{22})(S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā^′_{22})^{−1} ·(S̄_{21} + Ā_{22}Q̄^{−1}_{22} Ā^′_{12}) (55) Ã2 = Ã_{11} − M̃_{12}M̃^{−1}_{22} Ã_{21} − (Ã_{12} − M̃_{12}M̃^{−1}_{22} Ã_{22})

·(R̃_{22} + Ã^′_{22}M̃^{−1}_{22} Ã_{22})^{−1}(R̃_{21} + Ã^′_{22}M̃^{−1}_{22} Ã_{21}) (56) R̃_0 = R̃_{11} + Ã^′_{21}M̃^{−1}_{22} Ã_{21} − (R̃_{12} + Ã^′_{21}M̃^{−1}_{22} Ã_{22})

·(R̃_{22} + Ã^′_{22}M̃^{−1}_{22} Ã_{22})^{−1}(R̃_{21} + Ã^′_{22}M̃^{−1}_{22} Ã_{21}) (57) M̃2 = D_1D^′_1 − M̃_{12}M̃^{−1}_{22} M̃_{21} + (Ã_{12} − M̃_{12}M̃^{−1}_{22} Ã_{22})

·(R̃_{22} + Ã^′_{22}M̃^{−1}_{22} Ã_{22})^{−1}(Ã^′_{12} − Ã^′_{22}M̃^{−1}_{22} M̃_{21}) (58) In view of this , let us introduce the set

Γ̂_{Is} := {γ^′ > 0 : ∀γ ≥ γ^′, (33) holds and Conditions 1–3 are satisfied } Let us further define

γ̂_{Is} := inf{γ ∈ Γ̂_{Is}} (59) Then, the transformed game with cost function L_{γs} has a bounded upper value if γ > γ̂_{Is}, and only if γ ≥ γ̂_{Is}. For γ > γ̂_{Is}, the control policy that delivers the upper value is u^∗_{Is} = μ̂^∗_{Is}(t, ŷ_{s [t0,t]}) = −R2^{−1}(B2^′Z_{sγ} + P 2^′)x̂_s(t) (60) where x̂_s is generated by the following differential equation:

^̇x_s = A2x̂_s + B2u_{Is} + D2 ^̂w_s + (I − 1 γ^2

Σ_{sγ} Z_{sγ} )^{−1} ·( 1 γ^2

Σ_{sγ} C2^′ + L2)N2^{−1}(ŷ_s − ŷ_s); x̂_s(t_0) = 0 (61) ^̂w_s = D2^′Z_{sγ}x̂_s (62) ŷ_s = C2x̂_s + E2 ^̂w_s (63) Substituting (62), (63) and (36) into (61), after detailed derivations (see Appendix B and [23] for details), we arrive at

μ^∗_{Is}(t, y_{[t0,t]}) = −R^{−1}(B^′_1Z_{sγ} + P^′_1 − P^′_2Ū + B^′_2V̄ )x̂_s(t) (64) ^̇x_s = (Ā2 − S̄_0Z_{sγ} )x̂_s + (I − 1 γ^2

Σ_{sγ} Z_{sγ} )^{−1}(Σ_{sγ} C^′_1 + L_1 − Ũ^′L_2 + Ṽ C^′_2)N^{−1}

·(y − (C_1 + 1 γ^2

L^′_1 − C_2Ū + 1 γ^2

L^′_2V̄ )x̂_s); x̂_s(t_0) = 0 (65) where

Ū := Ū_1Z_{sγ} + Ū_2 (66) V̄ := V̄_1Z_{sγ} + V̄_2 (67) Ũ := Ũ_1Σ_{sγ} + Ũ_2 (68) Ṽ := Ṽ_1Σ_{sγ} + Ṽ_2 (69) Ū_1 := Q̄^{−1}_{22} Ā^′_{12} − Q̄^{−1}_{22} Ā^′_{22}(S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā^′_{22})^{−1}(S̄_{21} + Ā_{22}Q̄^{−1}_{22} Ā^′_{12}) (70) Ū_2 := Q̄^{−1}_{22} Q̄_{21} + Q̄^{−1}_{22} Ā^′_{22}(S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā^′_{22})^{−1}(Ā_{21} − Ā_{22}Q̄^{−1}_{22} Q̄_{21}) (71) V̄_1 := −(S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā^′_{22})^{−1}(S̄_{21} + Ā_{22}Q̄^{−1}_{22} Ā^′_{12}) (72) V̄_2 := (S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā^′_{22})^{−1}(Ā_{21} − Ā_{22}Q̄^{−1}_{22} Q̄_{21}) (73) Ũ_1 := M̃^{−1}_{22} Ã_{21} − M̃^{−1}_{22} Ã_{22}(R̃_{22} + Ã^′_{22}M̃^{−1}_{22} Ã_{22})^{−1}

(R̃_{21} + Ã^′_{22}M̃^{−1}_{22} Ã_{21}) (74) Ũ_2 := M̃^{−1}_{22} M̃_{21} + M̃^{−1}_{22} Ã_{22}(R̃_{22} + Ã^′_{22}M̃^{−1}_{22} Ã_{22})^{−1}

(Ã^′_{12} − Ã^′_{22}M̃^{−1}_{22} M̃_{21}) (75) Ṽ_1 := −(R̃_{22} + Ã^′_{22}M̃^{−1}_{22} Ã_{22})^{−1}(R̃_{21} + Ã^′_{22}M̃^{−1}_{22} Ã_{21}) (76) Ṽ_2 := (R̃_{22} + Ã^′_{22}M̃^{−1}_{22} Ã_{22})^{−1}(Ã^′_{12} − Ã^′_{22}M̃^{−1}_{22} M̃_{21}) (77)

From (53)–(55), (56)–(58), (64) and (65), we see that the coefficients of the Riccati differential equations (49) and (50), as well as the μ^∗_{Is}(t, y_{[t0,t]}), do not actually depend on the validity of condition (33). This resembles the situation in [18], where we had actually eliminated that condition by introducing a disturbance feedforward into the slow subsystem, which was then realizable using the fast states. Here, however, this does not seem to be possible since the measurements are noisy. Still, motivated by the solution of the fullinformation problem in [18], we introduce the set

Γ̃_{Is} := {γ^′ > 0 : ∀γ ≥ γ^′, S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā^′_{22} > 0, R̃_{22} + Ã^′_{22}M̃^{−1}_{22} Ã_{22} > 0, (49) has a bounded nonnegative definite solution over [t_0, t_f ], (50) has a bounded positive definite solution over [t_0, t_f ], and γ^2Σ^{−1}_{sγ} − Z_{sγ} > 0 } (78) and further define

γ_{Is} := inf{γ ∈ Γ̃_{Is}} (79) which constitutes a lower bound on the ultimate performance of the full-order system. We will see in the following section that γ_{Is} will indeed play a key role in the solution of the original problem.

The fast subsystem and the associated soft-constrained game

Let x_f := x_2 − x̄_2, u_f := u − u_s, w_f := w − w_s, y_f := y − y_s and τ =^t 0_{−t} ϵ where we take t to be frozen and let t^′ vary on the same scale as t. We define the fast subsystem and the associated cost (as in the standard regulator problem; see [24]) by d dτ x^t_f = A_{22}(t)x^t_f + B_2(t)u^t_f + D_2(t)w^t_f (80)

y^t_f = C_2x^t_f + Ew^t_f (81) L^t_{γf} = ∫_∞ −∞ (|x^t_f |^2_{Q22(t)} + 2x^t_f^′P_2(t)u^t_f + |u^t_f |^2_{R(t)} − γ^2|w^t_f |^2) dτ (82)

The GAREs associated with this infinite-horizon game, for each t, are

Ā^′_{22}(t)Z_f + Z_f Ā_{22}(t) + Q̄_{22}(t) − Z_f S̄_{22}(t)Z_f = 0 (83) and Ã_{22}(t)Σ_f + Σ_f Ã^′_{22}(t) + M̃_{22} − Σ_f R̃_{22}(t)Σ_f = 0 (84) We now let γ^t_{If} denote the minimax disturbance attenuation bound for the H^∞-optimal control problem defined by (80)–(82) under imperfect state information,^2 and γ^t_{of} denote the same under open-loop information.^3 For every γ > γ^t_{If} , let Z_{fγ}(t) be the minimal positive definite solution for (83) (and, for every γ > γ^t_{of} , let Z_{ofγ}(t) be the solution to the open-loop version of (83), with B_2(t) = 0) and Σ_{fγ}(t) be the minimal positive definite solution of (84).

We now define

γ_{If} := sup_{t∈[t0,tf ]} γ^t_{If} ; γ_{of} := sup_{t∈[t0,tf ]} γ^t_{of}

Then, for every γ > γ_{If} , the GAREs (83) and (84) admit positive definite solutions for all t ∈ [t_0, t_f ]. Let

γ̄_I := max{γ_{If} , γ_{Is}} (85) We will shortly see that this value also plays an important role in the characterization of a reduced-order solution for our problem.

The infinite-horizon case

We now turn to the infinite-horizon case. Let A, B, D, C, E and Q be time invariant, Q_f be zero, and t_0 = −∞, t_f = ∞. By following steps similar to those in the finite-horizon case, we first decompose the system into slow and fast subsystems. The slow game is described by ẋ_s = A2x_s + B2u_s + D2ŵ_s (86)

2To ensure that γ^t_{If} < ∞, it will be sufficient to take the pair (A_{22}(t), B_2(t)) to be controllable, and the pair (A_{22}(t), C_2(t)) to be observable.

3To ensure that γ^t_{of} < ∞, it will be sufficient to take A_{22}(t) to be Hurwitz, for every fixed t.

ŷ_s = y + G2u_s = C2x_s + E2ŵ_s (87) L_{γs} = ∫_∞ −∞ ( [ x^′_s u^′_s ] [ Q2 P 2 P 2^′ R2 ] [ x_s u_s ] − |ŵ_s|^2) dt (88)

where A2, B2, D2, G2, C2, E2, Q2, P 2 and R2 are as defined before, with the only difference being that they are now time-invariant. Similarly we can define L2 and N2as in (47) and (48), but now time-invariant.

The associated GAREs are

Ā2^′Z̃_{s∞} + Z̃_{s∞}Ā2 − Z̃_{s∞}S̄_0Z̃_{s∞} + Q̄2 = 0 (89)

Ã2Σ̃_{s∞} + Σ̃_{s∞}Ã2^′ − γ^2Σ̃_{s∞}R̃_0Σ̃_{s∞} + 1 γ^2

M̃2 = 0 (90)

where Ā2, S̄_0, Q̄2, Ã2, γ^2R̃_0 and^1_{γ2} M̃2 are defined as before.

Let us now introduce the following set (as the counterpart of the one in the finite-horizon case):

Γ̂_{Is∞} := {γ^′ > 0 : ∀γ ≥ γ^′, (33) holds, (89) has a minimal positive definite solution Z_{sγ} , Ā2 − S̄_0Z_{sγ} is Hurwitz, (90) has a minimal positive definite solution, written as^1_{γ2} Σ_{sγ} , Ã2′ − R̃_0Σ_{sγ} is Hurwitz, and γ2Σ−1_{sγ} − Z_{sγ} > 0 } (91)

and define^4

γ̂_{Is∞} := inf{γ ∈ Γ̂_{Is∞}} . (92) For every γ > γ̂_{Is∞}, let Z_{sγ} be the minimal positive definite solution to (89), and Σ̃^∗_{s∞}, which is to be denoted by^1_{γ2} Σ_{sγ} , be the minimal positive definite solution to (90). Then, for each γ > γ̂_{Is∞}, the control that attains the optimal upper value is the same as in (60)–(63), which can further be simplified to (64)–(65). By an argument similar to that used in the finite-horizon case, we introduce

Γ̃_{Is∞} := {γ^′ > 0 : ∀γ ≥ γ^′, S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā′_{22} > 0, R̃_{22} + Ã′_{22}M̃^{−1}_{22} Ã_{22} > 0, (89) has a minimal positive definite solution Z_{sγ} , Ā2 − S̄_0Z_{sγ} is Hurwitz, (90) has a minimal positive definite solution, written as^1_{γ2} Σ_{sγ} , Ã2^′ − R̃_0Σ_{sγ} is Hurwitz, and γ^2Σ^{−1}_{sγ} − Z_{sγ} > 0 } (93) and define

γ_{Is∞} := inf{γ ∈ Γ̃_{Is∞}} (94)

4Again, for γ̂_{Is∞} to be finite, it will be sufficient to have the pair (A2, B2) controllable and the pair (A2, C2) observable at γ = ∞, which is equivalent to having the pair (A_0, B_0) controllable and the pair (A_0, C_0) observable.

The fast part of the system is the same as in the finite-horizon case, where the coefficient matrices are now constants. The fast game is described by (80)–(82), and the GAREs are the same as (83)–(84). We will use γ_{If ∞} to denote the minimax disturbance attenuation bound under imperfect state information pattern (and γ_{of ∞} for the open-loop case), let Z_{fγ} denote the minimal positive definite solution to (83) (and Z_{ofγ} for the open-loop case) and Σ_{fγ} denote the minimal positive definite solution to (84). As the counterpart of (3.35), we define γ̄_{I∞} := max{γ_{If ∞}, γ_{Is∞}} (95) This quantity will also play an important role in our analysis in the next section.

4 Optimality of the Slow Controller

We study in this section optimality properties of the slow controller introduced in section 3, when used in the full-order system, for both finite- and infinite-horizon cases.

The infinite-horizon case

In order to make the γ̄_{I∞} defined by (95) remain finite, we make two additional assumptions: Assumption 4 The pairs (Ā_{11} − Ā_{12}Ā^{−1}_{22} Ā_{21}, Q̄_{11} − Q̄_{12}Q̄^{−1}_{22} Q̄_{21}), (A_{22}, C_2) and (A_0, C_0) are observable.

Assumption 5 The pairs (A_0, B_0), (Ã_{11} − Ã_{12}Ã^{−1}_{22} Ã_{21}, M̃_{11} − M̃_{12}M̃^{−1}_{22} M̃_{21}) and (A_{22}, B_2) are controllable.

Then we have the following theorem:

Theorem 1 Consider the singularly perturbed system (1)–(6), with t_f = ∞, t_0 = −∞, Q_f = 0, Q_0 = ∞ and A, B, D, C, E, P , R, Q time-invariant. If Assumptions 1–5 hold, then

1. lim_{ϵ→0}+ γ^∗_I (ϵ) = γ̄_{I∞}, where γ̄_{I∞}, as defined in (95), is finite.

2. ∀γ > γ̄_{I∞}, ∃ϵ_γ > 0 such that ∀ϵ ∈ [0, ϵ_γ), the GARE (21) admits a positive definite solution, where the minimal such solution can be approximated by

Z̃(ϵ) = [ Z_{sγ} + O(ϵ) ϵ(Z_{fγ}Ū + V̄ )^′ + O(ϵ^2) ϵ(Z_{fγ}Ū + V̄ ) + O(ϵ^2) ϵZ_{fγ} + O(ϵ^2) ] (96)

Similarly, the GARE (22) admits a positive definite solution, where the minimal such solution can be approximated by

Σ̃(ϵ) = [ Σ_{sγ} + O(ϵ) (Σ_{fγ}Ũ + Ṽ )^′ + O(ϵ) Σ_{fγ}Ũ + Ṽ + O(ϵ)^1_ϵ (Σ_{fγ} + O(ϵ)) ] (97)

Furthermore,^1_{γ2} Σ̃^{−1}(ϵ) − Z̃(ϵ) > 0. Consequently, the game has a finite upper value.

3. ∀γ > max{γ_{Is∞}, γ_{of ∞}} = max{γ̂_{Is∞}, γ_{of ∞}}, if we apply to the system the “slow” controller μ^∗_{Is} defined by (64)–(65), then ∃ϵ^′_γ > 0 such that, ∀ϵ ∈ [0, ϵ^′_γ), the disturbance attenuation level γ is attained for the full-order system.

Proof We first note that under Assumptions 1–5, both slow and fast games admit saddlepoint solutions for sufficiently large values of γ, since at γ = ∞ both problems become “regular” LQR problems admitting stabilizing optimal controllers. This shows that both γ_{Is∞} and γ_{If ∞} are finite, implying that γ̄_{I∞} is also finite. Fix γ > γ̄_{I∞}. By an argument similar to that used in the proof of Theorem 1 of [18] and duality, we conclude that the pair (A_ϵ, Q) is observable and the pair (A_ϵ, D_ϵ) is controllable. We know that GARE (89) admits a minimal positive definite solution Z_{sγ} and the GARE (83) (with time-invariant coefficients) admits a minimal positive definite solution Z_{fγ}. By the definition of γ_{Is∞}, Ā2 − S̄_0Z_{sγ} is Hurwitz. It is well-known that, for γ > γ_{If ∞}, Ā_{22} − S̄_{22}Z_{fγ} is Hurwitz. Thus, we can conclude, by applying the proof method of Theorem 1 in [18], that GARE (21) admits a positive definite solution for sufficiently small positive ϵ, which can further be approximated by (96).

On the other hand, GARE (90) admits a minimal positive definite solution^1_{γ2} Σ_{sγ}, with Ã2^′ − R̃_0Σ_{sγ} Hurwitz, and furthermore GARE (84) (with time-invariant coefficients) admits a minimal positive definite solution Σ_{fγ}, with Ã^′_{22} − R̃_{22}Σ_{fγ} Hurwitz. Thus, by applying the proof method of Theorem 1 in [18], Equations (26)–(28) admit a solution and hence GARE (22) admits a solution, which can further be approximated by (97). Then it follows that, for sufficiently small positive ϵ, the solution in (97) is positive definite.

Now, we can easily evaluate I − 1 γ^2

Σ̃Z̃ = [ I −^1_{γ2} Σ_{sγ} Z_{sγ} + O(ϵ) O(ϵ) ∗ I −^1_{γ2} Σ_{fγ}Z_{fγ} + O(ϵ) ]

where ∗ stands for any constant term of O(1). This shows that for ϵ sufficiently small, the matrix I −^1_{γ2} Σ̃Z̃ can have only positive eigenvalues. Thus, 2) is proved.

For ∀γ < γ̄_{I∞}, either at least one of the GAREs (89), (83), (90) and (84) does not admit any positive definite solution, or one of the matrices γ^2Σ^{−1}_{sγ} − Z_{sγ} and γ^2Σ^{−1}_{fγ} − Z_{fγ} has at least one negative eigenvalue. The former implies that one of the GAREs (21) and (22) does not admit any positive definite solution for sufficiently small ϵ, by the result of [18], which further implies that γ < γ^∗_I (ϵ). The latter implies that the matrix I −^1_{γ2} Σ̃Z̃ has at least one negative eigenvalue for sufficiently small ϵ, which again implies that γ < γ^∗_I (ϵ). Hence, γ < γ^∗_I (ϵ) for sufficiently small ϵ, ∀γ < γ̄_{I∞}. Thus, 1) is proved.

For 3), we first note that for γ > γ_{of ∞}, condition (33) holds. Thus we can write the closed-loop system, using the parameter matrices of the slow subsystem, as

ẋ_1 ^̇x_s ϵẋ_2 = F^e x_1 x̂_s x_2

+ D^ew (98) where

F^e := [ F^e_{11} F^e_{12} F^e_{21} F^e_{22} ] ; F^e_{11} := [ F^{e11}_{11} F^{e12}_{12} F^{e21}_{21} F^{e22}_{22} ]

F^{e11}_{11} := A_{11}; F^{e11}_{12} := −B_1R2^{−1}(B2^′Z_{sγ} + P 2^′)

F^{e11}_{21} := (I − 1 γ^2

Σ_{sγ} Z_{sγ} )^{−1}( 1 γ^2

Σ_{sγ}C2^′ + L2)N2^{−1}C_1

F^{e11}_{22} := Ā2 − S̄_0Z_{sγ} − (I − 1 γ^2

Σ_{sγ} Z_{sγ} )^{−1}( 1 γ^2

Σ_{sγ} C2^′ + L2)N2^{−1}

·(G2R2^{−1}(B2^′Z_{sγ} + P 2^′) + C2 + L2^′Z_{sγ})

F^e_{12} := [ A_{12} (I −^1_{γ2} Σ_{sγ}Z_{sγ} )^{−1}(^1_{γ2} Σ_{sγ} C2^′ + L2)N2^{−1}C_2 ]

F^e_{21} := [ A_{21} −B_2R2^{−1}(B2^′Z_{sγ} + P 2^′) ] ; F^e_{22} := A_{22}; D^e_2 := D_2

D^e := [ D^e_1 D^e_2 ] ; D^e_1 := [ D_1 (I −^1_{γ2} Σ_{sγ}Z_{sγ} )^{−1}(^1_{γ2} Σ_{sγ} C2^′ + L2)N2^{−1}E ]

where we have used the slow controller in the form of (60)–(63) and replaced ŷ_s by its expression given by (36). We can also rewrite the cost function as

J = ∫_∞ −∞

| | | | x_1 x̂_s x_2

| | | |

2

Q^e − γ^2|w|^2 dt (99)

where

Q^e := [ Q^e_{11} Q^e_{12} Q^e_{21} Q^e_{22} ] ; Q^e_{11} := [ Q^{e11}_{11} Q^{e12}_{12} Q^{e21}_{21} Q^{e22}_{22} ] ; Q^{e11}_{11} := Q_{11}

Q^{e11}_{12} := −P_1R2^{−1}(B2^′Z_{sγ} + P 2^′); Q^{e11}_{21} := Q^{e11}_{12}^′ Q^{e11}_{22} := (Z_{sγ} B2 + P 2)R2^{−1}RR2^{−1}(B2^′Z_{sγ} + P 2^′)

Q^e_{12} := [ Q_{12} −(Z_{sγ} B2 + P 2)R2^{−1}P^′_2 ] ; Q^e_{21} := Q^e_{12}^′; Q^e_{22} := Q_{22}

This is an infinite-horizon, one-person maximization problem, with the initial state at t = −∞ being 0. It has a finite maximum (which will be zero since the initial state is zero) if the following ARE admits a positive definite solution:

F^e_ϵ^′Ξ̃ + Ξ̃F^e_ϵ + Ξ̃ 1 γ^2

D^e_ϵ D^e_ϵ Ξ̃ + Q^e = 0 (100)

where

F^e_ϵ := [ F^e_{11} F^e_{12} 1 ϵ F^e_{21}^1_ϵ F^e_{22} ] ; D^e_ϵ := [ D^e_{11} ϵ D^e_2 ]

We now first decompose (100) into slow and fast parts, each of which is an ARE independent of ϵ > 0. Then we observe that the solution to the fast ARE is Z_{ofγ}, and that (see Appendix C) one solution to the slow ARE is [ γ^2Σ^{−1}_{sγ} −(γ^2Σ^{−1}_{sγ} − Z_{sγ} ) −(γ^2Σ^{−1}_{sγ} − Z_{sγ} ) γ^2Σ^{−1}_{sγ} − Z_{sγ} ] := Ξ_{sγ} (101)

which is clearly positive definite, since γ^2Σ^{−1}_{sγ} − Z_{sγ} > 0 from the definition of Γ̃_{Is∞}. Then, there exists a minimal positive definite solution Ξ̄_{sγ} to the slow ARE.

Now using an analysis similar to that used in the proof of Theorem 1 of Part I (which involved the use of the implicit function theorem) we can show that existence of positive definite solutions to the slow and fast parts of (100) implies existence of a positive definite solution to the full-order equation (100) for sufficiently small ϵ > 0. This completes the proof of part 3) of the theorem. 2 The finite-horizon case

Theorem 2 For the singularly perturbed system (1)–(6), let Assumptions 1–3 be satisfied, the pair (A_{22}(t), B_2(t)) be controllable, the pair (A_{22}(t), C_2(t)) be observable for each t ∈ [t_0, t_f ], and the following conditions hold:

Q_{f 22} < Z_{fγ}(t_f ), where Z_{fγ}(t_f ) is the solution to (83) at t = t_f with γ fixed.

Q_{022} > Σ^{−1}_{fγ} (t_0), where Σ_{fγ}(t_0) is the solution to (84) at t = t_0 with γ fixed.

Then,

1. γ^∗_I (ϵ) ≤ γ̄_I , asymptotically as ϵ → 0, where γ̄_I , as defined in (85), is finite.

2. ∀γ > γ̄_I , ∃ϵ_γ > 0 such that ∀ϵ ∈ [0, ϵ_γ), the GRDE (9) admits a nonnegative definite solution, which can be approximated by

Z̃ = [ Z_{sγ} + O(ϵ) ϵ(Z_{fγ}Ū + V̄ + Z_{cb}(τ ))^′ + O(ϵ^2) ϵ(Z_{fγ}Ū + V̄ + Z_{cb}(τ )) + O(ϵ^2) ϵ(Z_{fγ} + Z_{fb}(τ )) + O(ϵ^2) ] (102)

for all t ∈ [t_0, t_f ], where Z_{cb}(τ ) and Z_{fb}(τ ) are boundary layer correction terms at t = t_f , and as τ → −∞ they converge to 0 exponentially in the τ time scale. Also the GRDE (10) admits a positive definite solution, which can be approximated by

Σ̃ = [ Σ_{sγ} + O(ϵ) (Σ_{fγ}Ũ + Ṽ + Σ_{cb}(τ ))^′ + O(ϵ) Σ_{fγ}Ũ + Ṽ + Σ_{cb}(τ ) + O(ϵ)^1_ϵ (Σ_{fγ} + Σ_{fb}(τ ) + O(ϵ)) ] (103)

for all t ∈ [t_0, t_f ], where Σ_{cb}(τ ) and Σ_{fb}(τ ) are boundary layer correction terms at t = t_0, and as τ → ∞ they converge to 0 exponentially in the τ time scale. Furthermore,^1_{γ2} Σ̃^{−1} − Z̃ > 0. Consequently, the game (1)–(6) has a finite value.

3. With γ fixed, let γ^2Q_{022} > Z_{ofγ}(t_0) . If furthermore γ > max{γ_{Is}, γ_{of} } = max{γ̃_{Is}, γ_{of} }, and we apply to the system the “slow” controller μ^∗_{Is} defined by (64)–(65), then ∃ϵ^′_γ > 0 such that, ∀ϵ ∈ [0, ϵ^′_γ), the disturbance attenuation level γ is attained for the full-order system.

Proof By a reasoning similar to that used in Theorem 1, we can apply Theorem 2 (and its method of proof) in [18] to verify (102) and (103). Hence, we only need to show the validity of the spectral radius condition for the full-order system to prove 1) and 2). We can simply evaluate I − 1 γ^2

Σ̃Z̃ = [ I −^1_{γ2} Σ_{sγ} Z_{sγ} + O(ϵ) O(ϵ) ∗ I −^1_{γ2} (Σ_{fγ} + Σ_{fb}(τ ))(Z_{fγ} + Z_{fb}(τ )) + O(ϵ) ]

where ∗ stands for any constant term of O(1). Since γ > γ_{Is}, I −^1_{γ2} Σ_{sγ} (t)Z_{sγ}(t) has only positive eigenvalues. Furthermore, since γ > γ_{If} , I −^1_{γ2} Σ_{fγ}(t)Z_{fγ}(t) has only positive eigenvalues. For the boundary layer terms, we first consider t ≈ t_f . By choosing ϵ sufficiently small, Σ_{fb}(τ ) can be made arbitrary small. We can see from the differential equation for Z_{fb}(τ ) (see (2.21) and (2.23) in [18]) that Z_{fγ}(t_f ) + Z_{fb}(τ ) ≤ Z_{fγ}(t_f ) < γ^2Σ_{fγ}(t_f ) ∀τ . Thus, we can conclude that, for ϵ sufficiently small, the 22-block of the above matrix can be made to have only positive eigenvalues at t ≈ t_f , due to the continuity of Z_{fγ}(t). The same holds for t ≈ t_0. For t ∈ (t_0, t_f ), choose ϵ sufficiently small to make the two boundary layer terms arbitrary small. Then, by choosing ϵ sufficiently small, the 22-block of the above matrix can be made to have only positive eigenvalues ∀t ∈ [t_0, t_f ]. Thus, we have established 1) and 2).

For 3), we follow a reasoning similar to that used in the proof of Theorem 1. First we rewrite the system equation as in (98) and the cost function in a form similar to (99):

J = ∫ t_f t_0

| | | | x_1 x̂_s x_2

| | | |

2

Q^e − γ^2|w|^2 dt + x_1 x̂_s x_2

′ Q_{f 11} 0 ϵQ_{f 12} 0 0 0 ϵQ_{f 12} 0 ϵQ_{f 22} x_1 x̂_s x_2

| | | | t=t_f −γ^2 x_1 x̂_s x_2

′ Q_{011} 0 ϵQ_{012} 0 mI 0 ϵQ_{012} 0 ϵQ_{022} x_1 x̂_s x_2

| | | | t=t_0 ≡ ‖x^e‖^2_Qe + |x^e(t_f )|^2_Qe_f − γ^2|x^e(t_0)|^2_Qe_0 (104)

where m is any sufficiently large positive number (we can do this since x̂_s(t_0) = 0), and the coefficient matrices F^e and Q^e are defined as before. Let Ξ̃ be the bounded positive definite solution to the following RDE (the existence of Ξ̃ will be verified shortly):

˙Ξ̃ + F e_ϵ ′Ξ̃ + Ξ̃F e_ϵ + Ξ̃ 1 γ^2

D^e_ϵ D^e_ϵ Ξ̃ + Q^e = 0; Ξ̃(t_f ) = Q^e_f t ∈ [t_0, t_f ] (105)

Then, the maximal cost can be bounded by

J ≤ |x^e(t_0)|^2_{−γ2Qe0+Ξ̃(t0)}

Let us assume for the moment that the RDE (105) admits a decomposition with well-defined slow and fast parts. Then, its solution can be approximated by

Ξ̃ = [ Ξ̃_{sγ}(t) + O(ϵ) O(ϵ) O(ϵ) ϵ(Z_{ofγ}(t) + Ξ̃_{fb}(τ ) + O(ϵ)) ] (106)

where Ξ̃_{sγ} is the solution to the slow sub-RDE, and Ξ̃_{fb}(τ ) is the boundary layer term at t = t_f . Now, since Ξ_{sγ} defined in (101) is also a solution to the same RDE as Ξ̃_{sγ} (see Appendix C), and

Ξ_{sγ}(t_f ) > [ Q_{f 11} 0 0 0 ]

it follows that Ξ̃_{sγ}(t) exists and Ξ_{sγ}(t_0) > Ξ̃_{sγ}(t_0), which in turn guarantees the existence of Ξ̃ by using the generalized implicit function theorem given in [25] (Theorem L). Since Σ_{sγ} (t_0) = Q^{−1}_{011}, we have that −γ^2Q^e_0 + Ξ̃(t_0) < 0 for small enough ϵ and large enough m. This then establishes 3). 2

5 A Sequential Design of the Composite Controller

We see from the analysis of the previous section that for the finite-horizon case a “slow” controller can achieve a performance level γ > max{γ_{Is}, γ_{of} } (but not necessarily max{γ_{Is}, γ_{If} } < γ < max{γ_{Is}, γ_{of} }). We may find in many situations that the fast subsystem is more sensitive to noise, which means that γ_{of} ≫ γ_{If} and γ_{of} ≫ γ_{Is}. In such situations, it may be possible to obtain significantly better performance by designing a composite controller. Toward a study of this possibility, we first make the simplifying assumption^5

Assumption 6 R = I, L = 0 and P = 0.

which will be assumed to hold throughout the rest of the paper. Note that this means that the cost function has no cross terms between the state and the control, and has unity weighting on control, and that the system and measurement noises are independent.

We discuss the design of the composite controller first for the finite-horizon case.

Fast subsystem revisited

For the fast subsystem described by (80)–(82), we cannot design a dynamic output feedback controller since it is not a feasible design when the true value of ϵ is not known. This then leaves, as the only possibility, the use of static output feedback controllers.

First we state a lemma regarding the static output feedback control design for a general system, for which a proof can be found in Appendix D.

5This is done to simplify the ensuing analysis and not to burden it with unnecessary notational complexity. The assumption does not bring in any loss of generality of conceptual nature.

Lemma 1 Consider the system

ẋ = Ax + Bu + Dw (107) and the measurement equation

y = Cx + Ew (108) along with the cost function J = ∫_∞ −∞ (|x|^2_Q + |u|^2) dt; Q ≥ 0 (109) where DE^′ = 0 and N := EE^′ is invertible. Let x → 0 as t → −∞, and assume that the pair (A, D) is controllable and the pair (A, Q) is observable.

Then, for any γ > 0, there exists a control law in the form μ(y) = K(γ)y, for some constant matrix K(γ), such that the disturbance attenuation level for the system is less than or equal to γ if I − 1 γ^2

KN(t)K^′ > 0 (110) and under the matrix K(γ), the following GARE admits a positive definite solution: A^′Z+ZA−Z(BB^′− 1 γ^2 DD^′)Z+Q+(C^′K^′+ZB)(I− 1 γ^2

KNK^′)^{−1}(B^′Z+KC) = 0(111) 2 In view of the above lemma, the GARE associated with the fast subsystem is A^′_{22}(t)Z + ZA_{22}(t) − ZS_{22}(t)Z + Q_{22}(t) +(C^′_2(t)K^′ + ZB_2(t))(I − 1 γ^2

KN(t)K^′)^{−1}(B^′_2(t)Z + KC_2(t)) = 0 (112) Define χ(t, γ) := I − 1 γ^2

KN(t)K^′ (113) to simplify the notation. Introduce the set

Γ^t_{Ifs} := {γ^′ ≥ 0 : ∀γ > γ^′, there exists a K(t, γ) of appropriate dimensions such that χ > 0, GARE (112) admits a minimal positive definite solution Z_{fsγ} and the matrix A_{22} − B_2χ^{−1}KC_2 − (S_{22} − B_2χ^{−1}B^′_2)Z_{fsγ} is Hurwitz } (114) and further define γ^t_{Ifs} := inf{γ ∈ Γ^t_{Ifs}}; γ_{Ifs} := sup_{t∈[t0,tf ]} γ^t_{Ifs}

For each γ > γ_{Ifs}, let the matrix K(t, γ) be the matrix that is characterized in Lemma 1 for each fixed t in [t_0, t_f ]. Then, the control law that delivers the γ performance bound for each t is

u^{t∗}_{Ifs}(τ ) = μ^{t∗}_{Ifs}(y^t_f (τ )) = K(t, γ)y^t_f (τ ) (115) This control law, when transformed to the t time scale, yields: u^∗_{Ifs}(t) = μ^∗_{Ifs}(t, y(t)) = μ^{t∗}_{Ifs}(y^t_f (0)) = K(t, γ)y(t) (116) Composite design

Let γ > γ_{Ifs}, and introduce the composite control

u = u_s + u^∗_{Ifs}(t) (117) for the full-order system, where u^∗_{Ifs}(t) is defined in (116). Then, substituting the above into (1) and (3), we have

ẋ_1 = (A_{11} + B_1KC_1)x_1 + (A_{12} + B_1KC_2)x_2 + B_1u_s + (D_1 + B_1KE)w ϵẋ_2 = (A_{21} + B_2KC_1)x_1 + (A_{22} + B_2KC_2)x_2 + B_2u_s + (D_2 + B_2KE)w y = C_1x_1 + C_2x_2 + Ew

(118)

with initial condition x(t_0) = x_0, where x_0 is unknown as in Section 2, and L(u_s, w, x_0) = |x(t_f)|^2_{Qf} + ∫ t_f t_0

(|x(t)|^2_{Q(t)} + |u_s(t) + K(t)y(t)|^2) dt (119) The soft-constrained zero-sum differential game associated with this problem has the cost function

L_γ(u_s, w, x_0) = L(u_s, w, x_0) − γ^2{‖w‖^2 + |x_0|^2_{Q0} } (120) Since we are interested only in the upper value of the game, we introduce the following transformation to cancel out cross terms in x, u_s and w.^6

w̌ = (γ^2I − E^′K^′KE)^{1/2}(w − (γ^2I − E^′K^′KE)^{−1}

·(E^′K^′u_s + [ E^′K^′KC_1 E^′K^′KC_2 ] x)) (121) Under this transformation, the system can be represented by (see Appendix E for the derivation)

ẋ_1 = (A_{11} + B_1χ^{−1}KC_1)x_1 + (A_{12} + B_1χ^{−1}KC_2)x_2 + B_1χ^{−1}u_s +(D_1 + B_1KE)(γ^2I − E^′K^′KE)^{−1/2}w̌; x_1(t_0) = x_{1 0} ϵẋ_2 = (A_{21} + B_2χ^{−1}KC_1)x_1 + (A_{22} + B_2χ^{−1}KC_2)x_2 + B_2χ^{−1}u_s +(D_2 + B_2KE)(γ^2I − E^′K^′KE)^{−1/2}w̌; x_2(t_0) = x_{2 0}

(122)

6For γ > γ_{If s} , we have χ > 0, which is equivalent to γ^2I − E^′K^′KE > 0.

where χ was defined by (113). The measurement equation can be rewritten as (see Appendix E)

y̌ := y − E(γ^2I − E^′K^′KE)^{−1}E^′K^′u_s = γ^2E(γ^2I − E^′K^′KE)^{−1}E^′N^{−1}(C_1x_1 + C_2x_2) + E(γ^2I − E^′K^′KE)^{−1/2}w̌ (123) Also the cost function in (120) can be rewritten as (see again Appendix E)

L_γ(u_s, w̌, x_0) = |x(t_f )|^2_{Qf} − γ^2|x_0|^2_{Q0} + ∫ t_f t_0

(|x|^2_{Q̌} + 2x^′C^′K^′χ^{−1}u_s + |u_s|^2_χ�1 − |w̌|^2) dt(124)

where Q̌ is defined as

Q̌ := [ Q_{11} + C^′_1K^′χ^{−1}KC_1 Q_{12} + C^′_1K^′χ^{−1}KC_2 Q_{21} + C^′_2K^′χ^{−1}KC_1 Q_{22} + C^′_2K^′χ^{−1}KC_2 ]

Now, we can apply the results in sections 2–4 to the transformed game (122)–(124), which leads to the following correspondences:

A_{ij} ← A_{ij} + B_iχ^{−1}KC_j; D_i ← (D_i + B_iKE)(γ^2I − E^′K^′KE)^{−1/2} C_i ← γ^2E(γ^2I − E^′K^′KE)^{−1}EN^{−1}C_i; E ← E(γ^2I − E^′K^′KE)^{−1/2} B_i ← B_iχ^{−1}; y ← y̌; Q_{ij} ← Q_{ij} + C^′_iK^′χ^{−1}KC_j; γ ← 1 P_i ← C^′_iK^′χ^{−1}; R ← χ^{−1}; Q_{fij} ← Q_{fij}; Q_{0ij} ← γ^2Q_{0ij} where i = 1, 2 j = 1, 2. We can further obtain the following: N ← E(γ^2I − E^′K^′KE)^{−1}E^′; L_i ← 1 γ^2 B_iχ^{−1}KN Ā_{ij} ← A_{ij} = Ā_{ij}; S̄_{ij} ← S̄_{ij}; Q̄_{ij} ← Q_{ij} = Q̄_{ij} Ã_{ij} ← A_{ij} = Ã_{ij}; R̃_{ij} ← γ^2R̃_{ij}; M̃_{ij} ← 1 γ^2

D_iD^′_j = 1 γ^2 M̃_{ij} where i = 1, 2 j = 1, 2. From the above, we can deduce that, under the conditions S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā′_{22} > 0 and R̃_{22} + Ã′_{22}M̃^{−1}_{22} Ã_{22} > 0,

Ā2 ← Ā2; S̄_0 ← S̄_0; Q̄2 ← Q̄2 Ã2 ← Ã2; R̃_0 ← γ^2R̃_0; M̃2 ← 1 γ^2 M̃2 Then, for γ > γ_{Is}, where γ_{Is} is defined in (79) for system (1)–(6), we have the following direct consequences: Z_{sγ} ← Z_{sγ} ; Σ_{sγ} ← 1 γ^2 Σ_{sγ} and the conditions specified in (78) are satisfied for the game (122)–(124). Thus the slow controller for problem (122)–(124) is

u^∗_s(t) = μ̌^∗_{Is}(t, y̌(t)) = −(B^′_1 + KC_1 + B^′_2V̄ − KC_2Ū)x̂_s (125) ^̇x_s = (Ā2 − S̄_0Z_{sγ} )x̂_s + (I − 1 γ^2

Σ_{sγ} Z_{sγ} )^{−1}(Σ_{sγ} C^′_1N^{−1} + B_1K −Ũ^′B_2K + Ṽ C^′_2N^{−1})(y̌ − E(γ^2I − E^′K^′KE)^{−1}E^′ ·(γ^2N^{−1}C_1 + K^′B^′_1 − γ^2N^{−1}C_2Ū + K^′B^′_2V̄ )x̂_s); x̂_s(t_0) = 0 (126) Verification of the above is straightforward if we observe the correspondences Ū_1 ← Ū_1; Ū_2 ← Ū_2; V̄_1 ← V̄_1; V̄_2 ← V̄_2 Ũ_1 ← γ^2Ũ_1; Ũ_2 ← Ũ_2; Ṽ_1 ← Ṽ_1; Ṽ_2 ← 1 γ^2

Ṽ_2

Now, we replace y̌ by its expression given by (123) and obtain the composite control law (see Appendix E for detailed derivations): μ^∗_{Ic}(t, y_{[t0,t]}) = μ^∗_{Ifs}(t, y(t)) + μ̌^∗_{Is}(t, y̌_{[t0,t]}) = Ky − (B^′_1 + KC_1 + B^′_2V̄ − KC_2Ū)x̂_c (127) ^̇x_c = (Ā2 − S̄_0Z_{sγ} )x̂_c + (I − 1 γ^2

Σ_{sγ} Z_{sγ} )^{−1}(Σ_{sγ} C^′_1N^{−1} + B_1K −Ũ^′B_2K + Ṽ C^′_2N^{−1})(y − (C_1 − C_2Ū)x̂_c); x̂_c(t_0) = 0 (128) This leads to the following theorem:

Theorem 3 For the singularly perturbed system (1)–(6), let Assumptions 1–3 and 6 be satisfied, the pair (A_{22}(t), B_2(t)) be controllable and the pair (A_{22}(t), C_2(t)) be observable for each t ∈ [t_0, t_f ], and the following conditions hold:

Q_{f 22} < Z_{fγ}(t_f ), where Z_{fγ}(t_f ) is the solution to (83) at t = t_f with γ fixed. γ^2Q_{022} > Z_{fsγ} (t_0), where Z_{fsγ}(t_0) is the solution to (112) at t = t_0 with γ fixed.

Then, ∀γ > max{γ_{Is}, γ_{Ifs}}, if we apply to the system the composite controller μ^∗_{Ic} defined in (127) and (128), ∃ϵ^′_γ > 0 such that, ∀ϵ ∈ [0, ϵ^′_γ), the disturbance attenuation level γ is attained for the full-order system.

Proof Fix γ > max{γ_{Is}, γ_{Ifs}}, and consider the differential game described by (122)– (124). The fast subsystem is

ẋ^t_f = (A_{22} + B_2χ^{−1}KC_2)x^t_f + B_2χ^{−1}u^t_{sf} + (D_2 + B_2KE)(γ^2I − E^′K^′KE)^{−1/2}w̌^t_f y̌^t_f := γ^2E(γ^2I − E^′K^′KE)^{−1}E^′N^{−1}C_2x^t_f + E(γ^2I − E^′K^′KE)^{−1/2}w̌^t_f with the associated cost function being

Ľ^t_{γf} (u^t_{sf} , w̌^t_f ) = ∫_∞ −∞ (|x^t_f |^2_{Q̌22} + 2x^t_f^′C^′_2K^′χ^{−1}u^t_{sf} + |u^t_{sf} |^2_χ�1 − |w̌^t_f |^2) dt

The open-loop GARE of the above game is the same as (112), which admits a minimal positive definite solution Z_{fsγ}. Then both A_{22} + B_2χ^{−1}KC_2 and A_{22} − B_2χ^{−1}KC_2 − (S_{22} − B_2χ^{−1}B^′_2)Z_{fsγ} are Hurwitz. We can also see from the earlier correspondences that the slow GRDEs for the transformed game (122)–(124) are the same as (49) and (50). Thus, by the proof of 3) of Theorem 2, we deduce that, when the control law described by (125) and (126) is applied to the game (122)–(124), the maximal cost with respect to the disturbance w̌ is bounded above by zero. Hence, when the composite controller is applied to the game (1)–(6), the maximal cost with respect to the disturbance w is less than or equal to zero, which means that the γ disturbance attenuation level is achieved for the system (1)–(6). 2

The infinite-horizon case

We now turn to the infinite-horizon case. Let A, B, C, D, E and Q be time-invariant, Q_f be zero, and t_0 = −∞, t_f = ∞. Similar to the finite-horizon case, we revisit the fast subsystem and introduce the GARE (112), where the coefficient matrices are now independent of t. We define χ as in (113) and introduce the set Γ_{Ifs∞} as in (114) (we drop the superscript t since now the set is t invariant). We define γ_{Ifs∞} to be the infimum of Γ_{Ifs∞}. Then the optimal static feedback control law for the fast subsystem is the same as (116).

Now, let the fast control law be active in the full system by defining u to be as in (117). Also, introduce the transformation (121). The transformed game is then described by

ẋ_1 = (A_{11} + B_1χ^{−1}KC_1)x_1 + (A_{12} + B_1χ^{−1}KC_2)x_2 + B_1χ^{−1}u_s

+(D_1 + B_1KE)(γ^2I − E^′K^′KE)^{−1/2}w̌ ϵẋ_2 = (A_{21} + B_2χ^{−1}KC_1)x_1 + (A_{22} + B_2χ^{−1}KC_2)x_2 + B_2χ^{−1}u_s +(D_2 + B_2KE)(γ^2I − E^′K^′KE)^{−1/2}w̌

(129)

y̌ := y − E(γ^2I − E^′K^′KE)^{−1}E^′K^′u_s = γ^2E(γ^2I − E^′K^′KE)^{−1}E^′N^{−1}(C_1x_1 + C_2x_2) + E(γ^2I − E^′K^′KE)^{−1/2}w̌ (130)

L_γ(u_s, w̌) = ∫_∞ −∞ (|x|^2_{Q̌} + 2x^′C^′K^′χ^{−1}u_s + |u_s|^2_χ�1 − |w̌|^2) dt (131)

where u_s(t) is now a function of y̌(τ ), τ ≤ t, and χ, Q̌ are as defined before. Now, several substitutions similar to those in the finite-horizon case apply here, leading to a slow controller, which is the same as in (125) and (126). Finally, the composite control law μ^∗_{Ic} is the same as (127) and (128). These results are summarized in the following theorem.

Theorem 4 Consider the singularly perturbed system (1)–(6), with t_f = ∞, t_0 = −∞, Q_f = 0, Q_0 = ∞ and A, B, D, C, E, P , R, Q time-invariant. If Assumptions 1–6 hold, ∀γ > max{γ_{Is∞}, γ_{Ifs∞}}, if we apply to the system the composite controller μ^∗_{Ic} defined in (127) and (128), then ∃ϵ^′_γ > 0 such that, ∀ϵ ∈ [0, ϵ^′_γ), the disturbance attenuation level γ is attained for the full-order system.

Proof Fix γ > max{γ_{Is∞}, γ_{Ifs∞}}, and consider the differential game described by (129)– (131). The fast subsystem is

ẋ_f = (A_{22} + B_2χ^{−1}KC_2)x_f + B_2χ^{−1}u_{sf} + (D_2 + B_2KE)(γ^2I − E^′K^′KE)^{−1/2}w̌_f y̌_f := γ^2E(γ^2I − E^′K^′KE)^{−1}E^′N^{−1}C_2x_f + E(γ^2I − E^′K^′KE)^{−1/2}w̌_f

with the associated cost function being

Ľ_{γf} (u_{sf} , w̌_f ) = ∫_∞ −∞ (|x_f |^2_{Q̌22} + 2x^′_f C^′_2K^′χ^{−1}u_{sf} + |u_{sf} |^2_χ�1 − |w̌_f |^2) dt

The open-loop GARE of the above game is the same as (112), which admits a minimal positive definite solution Z_{fsγ}. Then both A_{22} + B_2χ^{−1}KC_2 and A_{22} − B_2χ^{−1}KC_2 − (S_{22} − B_2χ^{−1}B^′_2)Z_{fsγ} are Hurwitz. We can also see from the earlier correspondences that the slow GAREs for the transformed game (122)–(124) are the same as (89) and (90). Then, by the proof of part 3) of Theorem 1, we deduce that, when the control law described in (125) and (126) is applied to the game (129)– (131), the maximal cost with respect to the disturbance w̌ is bounded above by zero. Hence, when the composite controller is applied to the game (1)–(6), the maximal cost with respect to the disturbance w is less than or equal to zero, which means that the γ disturbance attenuation level is achieved for the system (1)– (6). 2

6 Examples

We present here some numerical results for the infinite horizon case. As stressed earlier, the four quantities γ_{Is∞}, γ_{If ∞}, γ_{Ifs∞} and γ_{of ∞} play important roles in the computation of an approximate value for γ^∗_∞(ϵ). We already know the relationship of the latter three quantities, namely, γ_{If ∞} ≤ γ_{Ifs∞} ≤ γ_{of ∞}, but we do not know how γ_{Is∞} is related to them. In the following examples, we study this relationship numerically, as well as the behavior of the composite and slow controllers. We will also see the effectiveness of the approximate controller on the original system for nonzero values of ϵ > 0.^7

Example 1

Consider the system [ ẋ_1 ϵẋ_2 ] = [ 1 1 −1 2 ] [ x_1 x_2 ] + [ 3 2 ] u + [ 2 0 1 0 ] w (132) y = [ 2 1 ] [ x_1 x_2 ] + [ 0 3 ] w (133)

L_γ = ∫_∞ −∞ (2x^2_1 + 2x_1x_2 + 3x^2 + |u|^2 − γ^2|w|^2) dt (134)

7In these examples, the relative accuracy is 0.002.

where the fast subsystem is open-loop unstable. By using a particular search algorithm, we can compute the four basic quantities:

γ_{Is∞} = 6.1160; γ_{If ∞} = 9.0208; γ_{Ifs∞} = 9.0208; γ_{of ∞} = ∞

We next compute the minimax disturbance attenuation level γ^∗_{I∞}(ϵ) of the system (132)– (134) for different fixed values of ϵ.

γ^∗_{I∞}(ϵ) 55.1993 17.3221 9.9331 9.1197 9.0308

ϵ 1 0.1 0.01 0.001 0.0001

Note that as ϵ → 0, γ^∗_{I∞}(ϵ) → max{γ_{Is∞}, γ_{If ∞}}. Now, we choose γ = 9.1 > max{γ_{Is∞}, γ_{Ifs∞}}, and design the suboptimal controllers for the system based on this value of γ:

Z_{sγ} = 5.9052; Σ_{sγ} = 5.8966; μ^∗_{Is} = −2.3463x̂_s; μ^∗_{Ic} = 12.0913x̂_c − 2.9945y

where

^̇x_s = −3.1178x̂_s + 2.6166(y − 4.8214x̂_s); ^̇x_c = −3.1178x̂_c − 14.8382(y − 4.8214x̂_c)

Then, we use μ^∗_{Is}, μ^∗_{Ic} in system (132)–(134) and obtain the corresponding disturbance attenuation bounds γ^∗_s and γ^∗_c , which are tabulated below: γ^∗_s ∞ ∞ ∞ ∞ ∞ γ^∗_c ∞ ∞ 10.0070 9.1265 9.0976 ϵ 1 0.1 0.01 0.001 0.0001

We see that only the composite controller achieves the desired performance bound for small values of ϵ > 0. The slow controller, designed based on the slow subsystem only, leads to an infinite attenuation level. ⋄

Example 2

Consider the system [ ẋ_1 ϵẋ_2 ] = [ 2 1 −1 −2 ] [ x_1 x_2 ] + [ 2 2 ] u + [ 1 0 3 0 ] w (135) y = [ 3 1 ] [ x_1 x_2 ] + [ 0 1 ] w (136)

L_γ = ∫_∞ −∞ (2x^2_1 + 2x_1x_2 + 3x^2 + |u|^2 − γ^2|w|^2) dt (137)

where now the fast subsystem is open-loop stable. The four performance levels for this system are

γ_{Is∞} = 1.5382; γ_{If ∞} = 1.5000; γ_{Ifs∞} = 1.5000; γ_{of ∞} = 2.5992

Note that here we have the relationship γ_{of ∞} > γ_{Is∞} > γ_{Ifs∞} = γ_{If ∞}.

We can also compute the minimax disturbance attenuation level γ^∗_{I∞}(ϵ) of the system (135)–(137) for different values of ϵ.

γ^∗_{I∞}(ϵ) 1.4058 1.5071 1.5345 1.5378 1.5382

ϵ 1 0.1 0.01 0.001 0.0001

Note again that as ϵ → 0, γ^∗_{I∞}(ϵ) → max{γ_{Is∞}, γ_{If ∞}}. Now, we choose γ = 2.65 > max{γ_{Is∞}, γ_{of ∞}}, and design the slow and composite controllers based on this value of γ:

Z_{sγ} = 2.1786; Σ_{sγ} = 0.5290; μ^∗_{Is} = −1.0674x̂_s; μ^∗_{Ic} = −0.14451x̂_c − 1.0936y

where

^̇x_s = −2.6834x̂_s + 1.9426(y − 0.8439x̂_s); ^̇x_c = −2.6834x̂_c + 0.023011(y − 0.8439x̂_c)

Then, we use μ^∗_{Is} and μ^∗_{Ic} in system (135)–(137) and obtain the corresponding disturbance attenuation bounds γ^∗_s and γ^∗_c , which are tabulated below:

γ^∗_s 3.3600 2.8121 2.6231 2.5993 2.5993 γ^∗_c 1.4798 1.5100 1.5507 1.5716 1.5716 ϵ 1 0.1 0.01 0.001 0.0001

Note that, when we choose a γ larger than the maximum of γ_{Is∞} and γ_{of ∞}, both controllers achieve the desired performance level for the full order system. But, the composite controller achieves a much lower attenuation level than the slow controller. Now, suppose we choose γ = 1.6, which is larger than the max{γ_{Is∞}, γ_{Ifs∞}} but smaller than max{γ_{Is∞}, γ_{of ∞}}, and design our controllers based on this value of γ:

Z_{sγ} = 3.3788; Σ_{sγ} = 0.56402; μ^∗_{Is} = 1.6447x̂_s; μ^∗_{Ic} = −0.099718x̂_c − 1.3840y

where

^̇x_s = −2.5744x̂_s + 7.6196(y + 1.2640x̂_s); ^̇x_c = −2.5744x̂_c − 0.89407(y + 1.2640x̂_c)

Then, if we use μ^∗_{Is} and μ^∗_{Ic} in system (135)–(137), we obtain the disturbance attenuation bounds γ^∗_s and γ^∗_c , as tabulated below: γ^∗_s ∞ ∞ ∞ ∞ ∞ γ^∗_c 1.5556 1.5556 1.5556 1.5556 1.5556 ϵ 1 0.1 0.01 0.001 0.0001

This time, only the composite controller μ^∗_{Ic} achieves the desired performance level. The slow controller μ^∗_{Is} does not yield a finite performance, despite the fact that the fast subsystem is open-loop stable. ⋄

Example 3

Consider the system [ ẋ_1 ϵẋ_2 ] = [ 2 1 −2 −2 ] [ x_1 x_2 ] + [ 2 1 ] u + [ 1 0 1 0 ] w (138) y = [ 2 1 ] [ x_1 x_2 ] + [ 0 1 ] w (139)

L_γ = ∫_∞ −∞ (2x^2_1 + 2x_1x_2 + 2x^2 + |u|^2 − γ^2|w|^2) dt (140)

We again compute the four performance levels:

γ_{Is∞} = 2.1596; γ_{If ∞} = 0.63234; γ_{Ifs∞} = 0.63246; γ_{of ∞} = 0.70708

Note that here we have the relationship γ_{Is∞} > γ_{of ∞} > γ_{Ifs∞} = γ_{If ∞}.

We can compute the minimax disturbance attenuation level γ^∗_{I∞}(ϵ) of the system (138)– (140) for different values of ϵ.

γ^∗_{I∞}(ϵ) 1.8396 2.1009 2.1533 2.1590 2.1595

ϵ 1 0.1 0.01 0.001 0.0001

Note again that as ϵ → 0, γ^∗_{I∞}(ϵ) → max{γ_{Is∞}, γ_{If ∞}}. Now, we choose γ = 2.2 > max{γ_{Is∞}, γ_{of ∞}}, and design controllers for the subsystems based on this value of γ:

Z_{sγ} = 1.2442; Σ_{sγ} = 3.5928; μ^∗_{Is} = −1.7770x̂_s; μ^∗_{Ic} = −1.6632x̂_c − 0.68303y

where

^̇x_s = −3.2774x̂_s + 43.1995(y − 0.16654x̂_s) ^̇x_c = −3.2774x̂_c + 39.4653(y − 0.16654x̂_c)

Then, we use μ^∗_{Is} and μ^∗_{Ic} in system (138)–(140) and obtain the corresponding disturbance attenuation bounds γ^∗_s and γ^∗_c , which are tabulated below:

γ^∗_s 8.1079 3.8172 2.1997 2.1997 2.1997 γ^∗_c 6.0486 2.8533 2.1994 2.1994 2.1994 ϵ 1 0.1 0.01 0.001 0.0001

Now, both controllers achieve the desired performance level as ϵ → 0. This is to be expected, since γ_{Is∞} > γ_{of ∞}. ⋄

7 Conclusion

In this paper, we have provided a complete analysis of the singularly perturbed H^∞-optimal control problem with imperfect state measurements, in both finite and infinite horizons, by relating it to a class of singularly perturbed differential games. One of the main results of the paper is the proof of existence and construction of a composite controller, independent of the singular perturbation parameter, under which the associated differential game has a bounded upper value, and the full-order system meets a desired H^∞-performance bound. Such a composite controller is designed sequentially, based on saddle-point solutions of parametrized fast and slow subgames. The design procedure is first to obtain a static output feedback controller using the fast dynamics, to be followed by a dynamic output feedback which uses the dynamics of the “reduced” slow game. As discussed in the paper, such a composite controller may not be able to push the performance of the full-order plant to the ultimate limit max{γ_{Is}, γ_{If} }, no matter how small ϵ > 0 is, whereas in the perfect state measurements case studied in [18] this was possible; this indicates a loss of robustness due to the imperfect nature of the measurements. The paper has also presented conditions under which a controller designed based on the slow subsystem only can achieve a desired (albeit, inferior) performance level.

The composite controller design methodology presented in this paper admits two significant interpretations, with important implications for practical controller design applications. In the case that the full-order system is completely known, our composite controller can be tuned precisely to guarantee a certain desired performance bound, and also to exhibit additional robustness with respect to changes in the value of the singular perturbation parameter ϵ. If, on the other hand, only a reduced-order model is available, which is a common situation in most real world applications, our results show that a composite controller (PI controller) is generally more robust than a slow controller (I controller). In this case, one can only expect a performance level up to γ̂_{Is} (γ̂_{Is∞} in the infinite-horizon case), and only for the slow subsystem. As shown in the paper, such a controller design, which yields essentially an I controller, does not guarantee any performance for the full-order system. Our results show that, with a PI controller design, one can achieve a performance level up to max{γ_{Is}, γ_{Ifs}} (max{γ_{Is∞}, γ_{Ifs∞}} in the infinite-horizon case) “safely” if the controller is designed properly, and the attained performance level may in fact be well below the level γ̂_{Is} (γ̂_{Is∞} in the infinite-horizon case) if the fast subsystem is “benign”. Thus, our results provide a theoretical basis for the common observation that a properly tuned PI controller often performs remarkly well in real world applications. Also, our results suggest two possible general purpose schemes to tune the desired PI controller. One scheme is to design a P controller first to cope satisfactorily with the fast modes of the system, and then, with the P controller being active in the system, to re-evaluate the reduced-order model and design an I controller for it. For the other scheme, we first form the slow controller, then design the P controller, and finally adjust the slow controller and observer gains according to (127) and (128). In both cases, the P and I controllers should be designed based on a common performance level γ.

One immediate, but not trivial, extension of these results is to the sampled-data measurement case, so as to obtain the counterparts of the results of [14] and [16] in the singularly perturbed case. This work has already been completed for the (sampled) perfect state measurements case, and the results have been presented in [26]. The derivation of the counterpart of this in the imperfect state measurements case also seems to be within reach. Another extension would be to the problem with digital control action, i. e. , when the control action remains constant over each sampling interval, in the perfect state or imperfect state measurements cases [15] [27] [28]. Other extensions would be to the multi-time scale H^∞-optimal control problem, and also to singularly perturbed nonlinear control systems, which is a topic currently under study.

Appendices

A A Set of Useful Identities

We first observe the following useful relationships between Ū_1, Ū_2, V̄_1, V̄_2, Ũ_1, Ũ_2, Ṽ_1, Ṽ_2, Ū, V̄ , Ũ and Ṽ , which were defined in (70)–(77) and (66)–(69) (see [18] Appendix B for a proof):

Set of Identities 1

1. Ā_{22}Ū_1 + S̄_{22}V̄_1 = −S̄_{21} 2. Ā_{22}Ū_2 + S̄_{22}V̄_2 = Ā_{21} 3. Q̄_{22}Ū_2 − Ā^′_{22}V̄_2 = Q̄_{21} 4. Q̄_{22}Ū_1 − Ā^′_{22}V̄_1 = Ā^′_{12} 5. Ã^′_{22}Ũ_1 + R̃_{22}Ṽ_1 = −R̃_{21} 6. Ã^′_{22}Ũ_2 + R̃_{22}Ṽ_2 = Ã^′_{12} 7. M̃_{22}Ũ_2 − Ã_{22}Ṽ_2 = M̃_{21} 8. M̃_{22}Ũ_1 − Ã_{22}Ṽ_1 = Ã_{21} 9. Ā_{22}Ū + S̄_{22}V̄ = Ā_{21} − S̄_{21}Z_{sγ} 10. Q̄_{22}Ū − Ā^′_{22}V̄ = Q̄_{21} + Ā^′_{12}Z_{sγ} 11. Ã^′_{22}Ũ + R̃_{22}Ṽ = Ã^′_{12} − R̃_{21}Σ_{sγ} 12. M̃_{22}Ũ − Ã_{22}Ṽ = M̃_{21} + Ã_{21}Σ_{sγ} 2

We will use the above relationships throughout the derivations in the appendices to follow.

B Simplification of Parameter Matrices of the Slow Subsystem

First, we introduce some matrices to simplify our derivations later:

π := A_{22}Q^{−1}_{22} A^′_{22}; ρ := γ^2I − D^′_2A^′_{22}^{−1}Q_{22}A^{−1}_{22} D_2; σ := A^′_{22}(D_2D^′_2)^{−1}A_{22}

In terms of these matrices, we can obtain the following expressions using some simple matrix operations and matrix inversion identities:

ρ = γ^2I − D^′_2π^{−1}D_2 (141)

ρ^{−1} = 1 γ^2

(I + 1 γ^2

D^′_2(π − 1 γ^2

D_2D^′_2)^{−1}D_2) (142) ρ^{−1}D^′_2π^{−1} = 1 γ^2

D^′_2(π − 1 γ^2

D_2D^′_2)^{−1} (143)

(π − 1 γ^2

D_2D^′_2)^{−1}A_{22}Q^{−1}_{22} = (D_2D^′_2)^{−1}A_{22}(σ − 1 γ^2

Q_{22})^{−1} (144)

(π − 1 γ^2

D_2D^′_2)^{−1} = γ^2(D_2D^′_2)^{−1}A_{22}(σ − 1 γ^2

Q_{22})^{−1}A^′_{22}(D_2D^′_2)^{−1} − γ^2(D_2D^′_2)^{−1} (145)

By using the identities (141)–(145), the verification of (38)–(48) is straightforward but lengthy, see [23] for details.

In the verification of (53)–(55), on the other hand, a different set of matrix identities is used, which are given below. The details are again lengthy, but brute force; they can be found in [23].

Set of Identities 2

1. (R − P^′_2Q^{−1}_{22} P_2)^{−1} = R^{−1} + R^{−1}P^′_2Q̄^{−1}_{22} P_2R^{−1}

2. (R − P^′_2Q^{−1}_{22} P_2)^{−1}P^′_2Q^{−1}_{22} = R^{−1}P^′_2Q̄^{−1}_{22}

3. R2^{−1} = R^{−1} + R^{−1}P^′_2Q̄^{−1}_{22} P_2R^{−1} − R^{−1}(P^′_2Q̄^{−1}_{22} Ā^′_{22} − B^′_2)(S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā^′_{22})^{−1} ·(Ā_{22}Q̄^{−1}_{22} P_2 − B_2)R^{−1}

4. R2^{−1}(A_{22}Q^{−1}_{22} P_2 − B_2)^′(π −^1_{γ2} D_2D^′_2)^{−1} = R^{−1}(P^′_2Q̄^{−1}_{22} Ā^′_{22} − B^′_2)

·(S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā^′_{22})^{−1}

5. (B_2 − A_{22}Q^{−1}_{22} P_2)R^{−1}(P^′_2Q̄^{−1}_{22} Ā^′_{22} − B^′_2) = π −^1_{γ2} D_2D^′_2 − (S̄_{22} + Ā_{22}Q̄^{−1}_{22} Ā^′_{22})

6. (B_1 − A_{12}Q^{−1}_{22} P_2)R^{−1}(P^′_2Q̄^{−1}_{22} Ā^′_{22} − B^′_2) − A_{12}Q^{−1}_{22} A^′_{22} +^1_{γ2} D_1D^′_2

= −S̄_{12} − Ā_{12}Q̄^{−1}_{22} Ā^′_{22}

7. (Ā_{22}Q̄^{−1}_{22} P_2 − B_2)R^{−1}(P^′_1 − P^′_2Q^{−1}_{22} Q_{21}) − (A_{22}Q^{−1}_{22} Q_{21} − A_{21}) = −Ā_{22}Q̄^{−1}_{22} Q̄_{21} + Ā_{21} 2 To prove (56)–(58), we rewrite matrices A2, L2, N2, C2, Q2 and D2D2^′ in different forms, by repeated application of the relationships (144) and (145):

A2 = A_{11} − (D_1D^′_2)(D_2D^′_2)^{−1}A_{21} + ((D_1D^′_2)(D_2D^′_2)^{−1}A_{22} − A_{12}) ·(σ − 1 γ^2

Q_{22})^{−1}(A^′_{22}(D_2D^′_2)^{−1}A_{21} − 1 γ^2

Q_{21})

L2 = 1 γ^2

(L_1 − (D_1D^′_2)(D_2D^′_2)^{−1}L_2 + ((D_1D^′_2)(D_2D^′_2)^{−1}A_{22} − A_{12}) ·(σ − 1 γ^2

Q_{22})^{−1}(A^′_{22}(D_2D^′_2)^{−1}L_2 − C^′_2))

N2 = 1 γ^2

(N − L^′_2(D_2D^′_2)^{−1}L_2 + (L^′_2(D_2D^′_2)^{−1}A_{22} − C_2) ·(σ − 1 γ^2

Q_{22})^{−1}(A^′_{22}(D_2D^′_2)^{−1}L_2 − C^′_2) C2 = C_1 − L^′_2(D_2D^′_2)^{−1}A_{21} + (L^′_2(D_2D^′_2)^{−1}A_{22} − C_2) ·(σ − 1 γ^2

Q_{22})^{−1}(A^′_{22}(D_2D^′_2)^{−1}A_{21} − 1 γ^2

Q_{21})

Q2 = Q_{11} − γ^2A^′_{21}(D_2D^′_2)^{−1}A_{21} + γ^2(A^′_{21}(D_2D^′_2)^{−1}A_{22} − 1 γ^2

Q_{12}) ·(σ − 1 γ^2

Q_{22})^{−1}(A^′_{22}(D_2D^′_2)^{−1}A_{21} − 1 γ^2

Q_{21})

D2D2^′ = 1 γ^2

(D_1D^′_1 − (D_1D^′_2)(D_2D^′_2)^{−1}(D_1D^′_2)(D_2D^′_1) + ((D_1D^′_2)(D_2D^′_2)^{−1}A_{22}

−A_{12})(σ − 1 γ^2

Q_{22})^{−1}(A^′_{22}(D_2D^′_2)^{−1}(D_2D^′_1) − A_{12})^′)

Next, we introduce the following mapping rules (correspondences) :

A_{ij} ; A^′_{ji}; B_i ; C^′_i; N ; R P_i ; L_i; D_iD^′_j ; Q_{ij}; Q_{ij} ; D_iD^′_j where i = 1, 2 j = 1, 2. Then, we have the following:

Ā2 ;^~A^′11 −^~A^′21^~M^{−1}22^~M21 − (^~R12 +^~A^′21^~M^{−1}22^~A22)

·(R̃_{22} + Ã^′_{22}M̃^{−1}_{22} Ã_{22})^{−1}(Ã^′_{12} − Ã^′_{22}M̃^{−1}_{22} M̃_{21}) S̄_0 ; R̃_{11} + Ã^′_{21}M̃^{−1}_{22} Ã_{21} − (R̃_{12} + Ã^′_{21}M̃^{−1}_{22} Ã_{22}) ·(R̃_{22} + Ã^′_{22}M̃^{−1}_{22} Ã_{22})^{−1}(R̃_{21} + Ã^′_{22}M̃^{−1}_{22} Ã_{21})

Q̄2 ; D1D^′1 − M̃12M̃^{−1}22 M̃21 + (Ã12 − M̃12M̃^{−1}22 Ã22)

·(R̃_{22} + Ã^′_{22}M̃^{−1}_{22} Ã_{22})^{−1}(Ã^′_{12} − Ã^′_{22}M̃^{−1}_{22} M̃_{21}) It is also easy to see that

A2 ; A^{2′}; B^2 ; C^{2′}; P^2 ; γ^2L^2 R2 ; γ^2N^2; Q^2 ; γ^2D^2D^{2′}; D^2D^{2 ′} ;^1_{γ2} Q^2

This completes the verification of (56)–(58).

Verification of (64) and (65)

We only need to establish the following three identities: Set of Identities 3

1. R2^{−1}(B2^′Z_{sγ} + P 2^′) = R^{−1}(B^′_1Z_{sγ} + P^′_1 − P^′_2Ū + B^′_2V̄ ) 2. N2^{−1}(C2^1_{γ2} Σ_{sγ} + L2^′) = N^{−1}(C_1Σ_{sγ} + L^′_1 − L^′_2Ũ + C_2Ṽ^′) 3. G2R2^{−1}(B2^′Z_{sγ} + P 2^′) + C2 + L2^′Z_{sγ} = C_1 +^1_{γ2} L^′_1 − C_2Ū +^1_{γ2} L^′_2V̄ Proof The first one can be proven using the earlier sets of identities 1 and 2 (see [23] for details).

For the second identity, first we note that

Ū ; Ũ; V̄ ; Ṽ

where we have introduced the additional correspondence: Z_{sγ} ; Σ_{sγ} Then

R2^{−1}(B2^′Z_{sγ} + P 2^′) ; N2^{−1}(C2 1 γ^2

Σ_{sγ} + L2^′) R2^{−1}(B2^′Z_{sγ} + P 2^′) ; N^{−1}(C_1Σ_{sγ} + L^′_1 + C_2Ṽ − L^′_2Ũ) Thus, the second identity is true.

For the third identity, we first substitute on the left hand side the first identity and the expressions for G2, C2 and L2; then we apply the Set of Identities 1 to arrive at the right hand side; see [23] for details. 2

C Verification: (4.31) is the Solution to the Slow Sub- RDE (resp. , Sub-ARE) of (4.35) (resp. , (4.30))

First, we evaluate the parameter matrices for the slow sub-RDE (resp. , sub-ARE) according to formulas (3.15), (3.18) and (3.20) in [18].

F̃^e_0 = [ A2 −B2R2^{−1}(B2^′Z_{sγ} + P 2^′) (γ^2Σ^{−1}_{sγ} − Z_{sγ} )^{−1}(C2^′ + γ^2Σ^{−1}_{sγ} L2)N2^{−1}C2 Π ]

Π := Ā2 − S̄_0Z_{sγ} − (γ^2Σ^{−1}_{sγ} − Z_{sγ} )^{−1}(C2^′ + γ^2Σ^{−1}_{sγ} L2)N2^{−1}(C2 + L2^′Z_{sγ} ) Q̃^e = [ Q2 −P 2R2^{−1}(B2^′Z_{sγ} + P 2^′) −(Z_{sγ} B2 + P 2)R2^{−1}P 2^′ (Z_{sγ} B2 + P 2)R2^{−1}(B2^′Z_{sγ} + P 2^′) ]

S^e_0 = [ −D̃_0D̃^′_0 Ω

Ω^′ Θ ] ; Ω := −L2N2^{−1}(C2 + L2^′γ^2Σ^{−1}_{sγ} )(γ^2Σ^{−1}_{sγ} − Z_{sγ} )^{−1} Θ := −(γ^2Σ^{−1}_{sγ} − Z_{sγ} )^{−1}(C2^′ + γ^2Σ^{−1}_{sγ} L2)N2^{−1}(C2 + L2^′γ^2Σ^{−1}_{sγ} )(γ^2Σ^{−1}_{sγ} − Z_{sγ} )^{−1} Next, we verify that Ξ_{sγ} is the solution to the following RDE:

Ξ̇_{sγ} + F̃^e_0^′Ξ_{sγ} + Ξ_{sγ}F̃^e_0 − Ξ_{sγ}S^e_0 Ξ_{sγ} + Q̃^e = 0

We can simply show that the 11-block, 12-block and 22-block of the left hand side are equal to zero. The verification is straightforward but tedious, and it can be found in [23].

Similarly, we can show that Ξ_{sγ} is the solution to the slow sub-ARE, in the infinitehorizon case. Then, by Theorem 5 of [29], there exists a minimal solution Ξ̄_{sγ} to the slow sub-ARE such that F̃^e_0 − S^e_0Ξ̄_{sγ} is Hurwitz.

D Proof of Lemma 1

The differential game associated with this problem has the cost function

L_γ = J − γ^2‖w‖^2 (146) Substituting the control law u = K(γ)y into (107) and (146), we arrive at ẋ = (A + BKC)x + (D + BKE)w L_γ = ∫_∞ −∞ (|x|^2_{Q+C}0_K0_{KC} + 2x^′C^′K^′KEw − |w|^2_γ2_{I−E}0_K0_{KE}) dt

We need to show that, under the condition specified in the lemma, the maximum cost (with respect to w) to the one-person maximization problem above is zero. By Fact 1 in [18], the observability of (A, Q) implies that (A + BKC, Q + C^′K^′KC) is observable. Under the condition of (110), the maximum value is bounded if the following ARE admits a nonnegative definite solution:

A^′_eZ + ZA_e + ZM_eZ + Q_e = 0 where A_e := A + BKC + (D + BKE)(γ^2I − E^′K^′KE)^{−1}E^′K^′KC M_e := (D + BKE)(γ^2I − E^′K^′KE)^{−1}(D^′ + E^′K^′B^′) Q_e := Q + C^′K^′KC + C^′K^′KE(γ^2I − E^′K^′KE)^{−1}E^′K^′KC Now, we observe the follow simple relationships:

(γ^2I − E^′K^′KE)^{−1} = 1 γ^2

(I + 1 γ^2 E^′K^′(I − 1 γ^2 KNK^′)^{−1}KE) (γ^2I − E^′K^′KE)^{−1}E^′K^′ = 1 γ^2 E^′K^′(I − 1 γ^2 KNK^′)^{−1} which can be proved by simple matrix inversion identities. Then, we can rewrite A_e, M_e and Q_e in the following form: A_e = A + B(I − 1 γ^2 KNK^′)^{−1}KC M_e = −BB^′ + 1 γ^2 DD^′ + B(I − 1 γ^2 KNK^′)^{−1}B^′ Q_e = Q + C^′K^′(I − 1 γ^2 KNK^′)^{−1}KC Hence, the ARE can be rewritten as (111). This completes the proof. 2

E Derivations for the Composite Controller

Verification of (122)–(124)

We first note the following set of identities, which can be proved by simple matrix inversion formulas:

Set of Identities 4

1. (γ^2I − E^′K^′KE)^{−1} =^1_{γ2} (I +^1_{γ2} E^′K^′χ^{−1}KE) 2. (γ^2I − E^′K^′KE)^{−1}E^′K^′ =^1_{γ2} E^′K^′χ^{−1} 3. (γ^2N^{−1} − K^′K)^{−1} = E(γ^2I − E^′K^′KE)^{−1}E^′ 2 In view of these identities, it is a simple matter to establish the validity of (122)–(124).

Verification of (128)

We only need to show that

−E(γ^2I − E^′K^′KE)^{−1}E^′K^′(B^′_1 + KC_1 + B^′_2V̄ − KC_2Ū) + E(γ^2I − E^′K^′KE)^{−1} ·E^′(γ^2N^{−1}C_1 + K^′B^′_1 − γ^2N^{−1}C_2Ū + K^′B^′_2V̄ ) = C_1 − C_2Ū which is true since the left-hand side of the above can be written as:

−E(γ^2I − E^′K^′KE)^{−1}E^′K^′(B^′_1 + KC_1 + B^′_2V̄ − KC_2Ū)

+E(γ^2I − E^′K^′KE)^{−1}E^′(γ^2N^{−1}C_1 + K^′B^′_1 − γ^2N^{−1}C_2Ū + K^′B^′_2V̄ ) = E(γ^2I − E^′K^′KE)^{−1}E^′(γ^2N^{−1} − K^′K)(C_1 − C_2Ū) = C_1 − C_2Ū

References

[1] G. Zames, “Feedback and optimal sensitivity: Model reference transformation, multiplicative seminorms and approximate inverses,” IEEE Trans. Automat. Control, vol. AC-26, pp. 301–320, 1981.

[2] B. A. Francis, A Course in H_∞ Control Theory, vol. 88 of Lecture Notes in Control and Information Sciences. New York, NY: Springer-Verlag, 1987.

[3] J. Doyle, K. Glover, P. Khargonekar, and B. Francis, “State-space solutions to standard H_2 and H_∞ control problems,” IEEE Trans. Automat. Control, vol. AC-34, no. 8, pp. 831–847, 1989.

[4] K. Glover and J. C. Doyle, “State-space formulae for all stabilizing controllers that satisfy an H^∞-norm bound and relations to risk sensitivity,” Systems and Control Letters, vol. 11, pp. 167–172, 1988.

[5] P. P. Khargonekar, I. R. Petersen, and M. A. Rotea, “H_∞-optimal control with statefeedback,” IEEE Trans. Automat. Control, vol. AC-33, no. 8, pp. 786–788, 1988.

[6] P. P. Khargonekar, K. N. Nagpal, and K. R. Poolla, “H^∞ control with transients,” SIAM Journal on Control and Optimization, vol. 29, pp. 1373–1393, November 1991.

[7] R. Ravi, K. M. Nagpal, and P. P. Khargonekar, “H_∞ control for linear time varying systems: a state-space approach,” SIAM Journal on Control and Optimization, vol. 29, pp. 1394–1413, November 1991.

[8] A. A. Stoorvogel, The H_∞ Control Problem: A State Space Approach. Prentice Hall, 1992.

[9] T. Başar, “A dynamic games approach to controller design: Disturbance rejection in discrete time,” in Proc. IEEE 29th Conf. on Decision and Control, (Tampa, FL), pp. 407– 414, December 13-15, 1989. Also appeared in the IEEE Transactions on Automatic Control, vol. 36, no. 8, pp. 936–952, August 1991.

[10] T. Başar, “Game theory and H^∞-optimal control: The continuous-time case,” in Differential Games: Developments in Modelling and Computation, Springer-Verlag, August 1991. R. P. Hamalainen and H. K. Ehtamo, eds. Lecture Notes in Control and Information Sciences, vol. 156, pp. 171–186.

[11] K. Uchida and M. Fujita, “On the central controller: Characterizations via differential games and LEQG control problems,” Systems and Control Letters, vol. 13, no. 1, pp. 9– 13, 1989.

[12] D. Limebeer, B. Anderson, P. Khargonekar, and M. Green, “A game theoretic approach to H_∞ control for time varying systems,” in Proceedings of the International Symposium on the Mathematical Theory of Networks and Systems, (Amsterdam, The Netherlands), 1989.

[13] I. Rhee and J. L. Speyer, “A game theoretic controller and its relationship to H^∞ and linear-exponential Gaussian synthesis,” in Proc. IEEE 29th Conf. on Decision and Control, (Tampa, FL), pp. 909–915, December 13-15, 1989.

[14] T. Başar, “Optimum H^∞ designs under sampled state measurements,” Systems and Control Letters, vol. 16, pp. 399–409, June 1991.

[15] H. T. Toivonen, “Sampled-data control of continuous-time systems with an H_∞ optimality criterion,” Automatica, vol. 28, no. 1, pp. 45–54, 1992.

[16] T. Başar and P. Bernhard, H^∞-Optimal Control and Related Minimax Design Problems:

A Dynamic Game Approach. Boston, MA: Birkhäuser, 1991.

[17] P. V. Kokotović, H. K. Khalil, and J. O’Reilly, Singular Perturbation Methods in Control: Analysis and Design. New York, NY: Academic Press, 1986.

[18] Z. Pan and T. Başar, “H^∞-optimal control for singularly perturbed systems. Part I:

Perfect state measurements,” Automatica, vol. 29, pp. 401–423, March 1993.

[19] F. Garofalo and G. Leitmann, “A composite controller ensuring ultimate boundedness for a class of singularly perturbed uncertain systems,” Dynamics and Stability of Systems, vol. 3, no. 3 & 4, pp. 135–145, 1988.

[20] M. Corless, G. Leitmann, and E. P. Ryan, “Control of uncertain systems with neglected dynamics,” in Deterministic Control of Uncertain Systems (A. S. I. Zinober, ed.), ch. 12, pp. 252–268, London: IEE Press, 1990.

[21] F. Garofalo and G. Leitmann, “Nonlinear composite control of a class of nominally linear singularly perturbed uncertain systems,” in Deterministic Control of Uncertain Systems (A. S. I. Zinober, ed.), ch. 13, pp. 269–288, London: IEE Press, 1990.

[22] D. W. Luse and J. A. Ball, “Frequency-scale decomposition of H^∞-disk problems,” SIAM Journal on Control and Optimization, vol. 27, pp. 814–835, July 1989.

[23] Z. Pan, “H^∞-optimal control for singularly perturbed systems,” Master’s thesis, University of Illinois, Urbana, IL, 1992. Also appears as CSL Technical Report UILU-ENG- 92-2205 (DC-137).

[24] J. H. Chow and P. V. Kokotović, “A decomposition of near-optimum regulators for systems with slow and fast modes,” IEEE Trans. Automat. Control, vol. AC-21, pp. 701– 705, October 1976.

[25] P. V. Kokotović and R. A. Yackel, “Singular perturbation of linear regulators: Basic theorems,” IEEE Trans. Automat. Control, vol. AC-17, pp. 29–37, February 1972.

[26] Z. Pan and T. Başar, “H^∞-optimal control of singularly perturbed systems with sampled-state measurements,” in Advances in Dynamic Games and Applications (T. Başar and A. Haurie, eds.), Boston, MA: Birkhauser, 1993.

[27] T. Chen and B. Francis, “On the L^2 induced norm of a sampled-data system,” Systems and Control Letters, vol. 15, pp. 211–219, 1990.

[28] B. Bamieh and J. B. Pearson, “A general framework for linear periodic systems with application to H^∞ sampled-data control,” IEEE Trans. Automat. Control, vol. 37, pp. 418– 435, April 1992.

[29] J. C. Willems, “Least squares stationary optimal control and the algebraic Riccati equation,” IEEE Trans. Automat. Control, vol. AC-16, pp. 621–634, December 1971.