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Abstract: In this paper, we have obtained the extended zero-dynamics canonical form for a class
of square MIMO LTT systems comprised of multiple square MIMO LTI subsystems in parallel
interconnection satisfying an interconnection property. We assume that each subsystem has
already been analyzed and extended to admit uniform vector relative degree (and has uniform
observability indices), and thus is suitable for the design of robust adaptive controllers. We
prescribe an interconnection property under which the composite system (without any further
modification or extension) admits the extended zero-dynamics canonical form even though it
does not have uniform vector relative degree. We further show that such a composite system, if
connected in tandem with a diagonal integration block on the output will yield a system that
also admits the extended zero-dynamics canonical form. This will allow a centralized robust
adaptive controller design for the composite square MIMO LTT system if the composite system
can be shown to be minimum phase.
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1. INTRODUCTION

The minimum phase concept for linear systems is crucial
for the generalization of robust adaptive control system de-
sign for finite-dimensional continuous-time SISO LTI sys-
tems to that for finite-dimensional continuous-time MIMO
LTI systems (see Pan and Bagar (2000, 2018); Basar and
Pan (2020); Pan and Bagar (2023a); Pan et al. (2023)). In
robust adaptive control for SISO systems (Pan and Bagar,
2000) it has been observed that key canonical forms for the
underlying system are the observer canonical form and the
extended zero-dynamics canonical form. For square MIMO
LTI systems, the zero-dynamics canonical form exists if
there exists a vector relative degree for the system. This
zero-dynamic canonical form then reveals the extended
zero dynamics for the system. However, the extended zero-
dynamics canonical form exists for general square MIMO
LTT systems under a more restrictive assumption: the sys-
tem must admit uniform vector relative degree (Bagar and
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Pan, 2020). This means that one must extend the square
MIMO LTT system to admit uniform vector relative degree
before attempting to design a robust adaptive controller.
These extra steps of extension lead to a larger system order
and therefore a more complicated adaptive controller, and
it does not allow for an easy expansion of the system when
additional subsystems are incorporated into the composite
system.

In this paper, we have obtained the extended zero-
dynamics canonical form for a class of square MIMO
LTT systems that is comprised of multiple square MIMO
LTI subsystems in parallel interconnection satisfying an
interconnection property. We assume that each subsystem
has already been analyzed and extended to admit uni-
form vector relative degree (and has uniform observabil-
ity indices). We have multiple such subsystems parallel-
interconnected to form a composite system, where the
composite system admits vector relative degree but not
uniform vector relative degree. We prescribe an inter-
connection property, under which the composite system
(without any further modification or extension) admits



the extended zero-dynamics canonical form even though
it does not have uniform vector relative degree. Thus,
the composite system would be in a form suitable for
robust adaptive control design with nonuniform vector
relative degree if it is further minimum phase according
to Bagar and Pan (2020). The interconnection property we
prescribe is that for each subsystem 4, the connections from
subsystem j, j # i, satisfy the properties that the relative
degree from each component of y; to each component of y;
is greater than max {0, 7;—r; }, where r; and r; are the uni-
form vector relative degrees for the ith subsystem and the
jth subsystem, respectively, and the relative degree from
each component of u; to each component of y, is greater
than max {r;, r; }. We further show that such a composite
system, if connected in tandem with a diagonal integration
block on the output, will yield a system that also admits
the extended zero-dynamics canonical form. Thus, when
a number of subsystems are to be incorporated into a
robust adaptive control system, we just need to make sure
that these subsystems are themselves with uniform vector
relative degree (and have uniform observability indices),
and the interconnections of these subsystems and those of
the original system are compatible, i.e., they satisfy the
interconnection property. Then, the (centralized) robust
adaptive controller can be redesigned and applied to the
larger system without requiring any changes in the subsys-
tems if the composite system is minimum phase according
to Bagar and Pan (2020).

The balance of the paper is as follows. In the next
section, we introduce the notations used in the paper. In
Section 3, we prove the existence of the extended zero
dynamics canonical form for a class of square MIMO LTI
systems which is the composite system of multiple square
MIMO LTI systems in parallel interconnection further
satisfying the interconnection property. The availability of
the extended zero dyanmics canonical form for this class
of systems is crucial for the robustness proof of adaptive
controllers. In Section 4, we further show that such a
composite system, if connected in tandem with a diagonal
integration block on the output will yield a system that
also admits the extended zero-dynamics canonical form
(EZDCF). The paper ends with some concluding remarks
in Section 5.

2. NOTATIONS

We let R denote the real line; IN be the set of natural
numbers; and Z; := IN U {0}. Unless otherwise specified,
all signals, constants, and matrices are real. For any matrix
A, A’ denotes its transpose. For n € Z., I, denotes
the n x n-dimensional identity matrix. For n € Z, and
n x n-dimensional matrix A, we set A = I,. For any
m,n € Zy, 0%, denotes the m x n-dimensional matrix
whose elements are all zeros. We will denote constants or
matrices of no specific interest or relevance to the analysis

by *. We will denote m x n-dimensional matrices of no
specific interest or relevance to the analysis by x,,xn. For
any n € IN and any a := (a;);_,,b = (b)), € R",
aVb e R" denotes the vector (max{a;b;});;; and
aAb e R" denotes the vector (min {a;,b; });_,

3. THE EXTENDED ZERO DYNAMICS CANONICAL
FORM

In this section, we first recall the definition of the extended
zero dynamics for a MIMO LTT system (Bagar and Pan
(2020)).

Consider a general MIMO LTI system (not necessarily
square)

& = Az + Bu + Dw; (la)

y=Cx+ Fu+ Ew (1b)
where « € R" is the state, n € Z,; u € RP is the control
input, p € Zy; y € R™ is the output, m € Z;; w € R?
is the disturbance input, ¢ € Zy; &y € Dy, Dy C R" is
a subspace, wy,o) € Wa of class By, A, B, D, C, F, and
E are constant matrices of appropriate dimensions. The
extended zero dynamics of (1) is defined by the maximal
solution K € R**"™, A, € R**°, A,; € R**™ to the
following matrix equations.

:1]‘(0) =X € Do

KA=A.K+ A1 C (2a)

A F=KB (2b)

where K is of full row rank such that s is maximal. Then,
defining ., := Kz, it evolves according to

z,=A.x, + Ay + (KD — A E)w; (3)
z.(0) = Kzo € K(Dy)
This is said to be the extended zero dynamics of (1). (Note

that s = 0 is also a possible solution, which corresponding
to the case when the extended zero dynamics is absent)

Then, we recall the canonical form that reveals the ex-
tended zero dynamics for square MIMO LTT systems with
vector relative degree (See Isidori (1995) or Basar and Pan
(2020)).

Lemma 1. Consider a square MIMO LTI system

& = Az + Bu + Dw; (4a)

y=Cx+ Fu+ Ew (4b)
where € IR"™ is the state, n € Z,; u € R™ is the
control input, m € Z4; y € R™ is the output; w € R?
is the disturbance input, ¢ € Zy; g € Dy, Dy C R" is a
subspace, Wy ) € Wy of class B, (Pan and Basar, 2018),
A, B, D, C, F, and E are constant matrices of appropriate

x(0) =x9 € Dy

dimensions.

Let the system admit vector relative degree rq, ...
{0,...,n} from u to y, that is, i = 1,...,m,
Fi,: = Ci,:B == Ci,:A”_2B = 01><7n

yTm €



where F;. and G; . are the ith row vectors of the matrices
F and C, respectively, and

Ci.A"1B
=: By
Cn A7 1B
is an invertible matrix (for those i = 1,...,m with r; = 0,

The
matrix By is said to be the high frequency gain matrix.

the corresponding row in By is replaced by F;.).

Then, there exists an invertible matrix T, such that, in
N S BN !
=T, = [$Zﬂ31,1---m1,r1---ﬂfm,1---ﬂ?m,rm]

coordinates, the system (4) admits the representation

i’z = Azwz + Z Azl,iyi + Dzw (53)
i=1
T ;= j+1 + D; jw; (5b)

1<i<mwithr; >0,1<j<nr;
Ty =AZ+ CZ-_,:A“'*lBu + D, w;
1<i<mwithr; >0
y;=xi1+ E w; 1 <i<mwithr; >0 (5d)
y,=GC .2+ F u+ E w; 1<i<m with r;, =0 (5e)

(5¢)

where ., € ]Rnleln; z;,; €R,1<i<mwithr; >0,
1 <7< (5)is called the zero dynamics canonical form
of system (4). (Note that here (5) is not the extended zero
dynamics canonical form.) The dynamics (5a) is said to be
the extended zero dynamics of system (4).

When the vector relative degree (r1,...,7) is uniform,
then Bagar and Pan (2020) further defines the extended
zero dynamics canonical form for (4) in four possible cases
depending on the value r =r; =--- =1, and n.

In this paper, we consider a special class of square MIMO
LTT systems formed as the parallel interconnected square
MIMO LTT systems as depicted in Figure 1. (For brevity,
the figure only includes two interconnected subsystems,
but we consider here an arbitrary number, p, of such
interconnected subsystems.)
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Fig. 1. Two parallel interconnected subsystems.

We assume that

Assumption 1. Each subsystem S;, 7 =1,...,p, is a finite-
dimensional continuous-time square MIMO LTI system
of order n; > 0 and with uniform vector relative degree
0< T < L

S S ot
dimensional.

from u; to y,;, where u; and y; are m; € IN

We assume the following interconnection properties:

Assumption 2. (Interconnection Property). Fix any i =
1,...,p, for subsystem S;, the relative degree from each
component of y;, j 7# i to each component of y, is greater
than 0 V (r;
component of uj, j # i, to each component of y, is greater
than r; Vry, j=1,...,p.

— r;); and the relative degree from each

It is straightforward to verify that the composite system .S

with input w := (u1,...,u,) and output y := (yq,...,y,)
admits vector relative degree (r1,...,71,...,Tp,...,Tp).
——

m1—times mp—times
Thus, by Lemma 1, for the composite system S, we have

the following zero dynamics canonical form:

p
i’z = Azwz + Z Azl,iyi + Dzw

(6a)
=1
.’i@j = $i7j+1 + Diij; (Gb)

1<i<pwithr; >0,1<j5<nr;
iy, =Aix + Byu; + D, w;
1<i<pwithr; >0
y,=x;1+ Ew; 1<i<pwithr >0 (6d)
v, =Cx+ Fu; + Ew; 1<i<pwithr; =0 (6e)
where @, € Raiot™™2oima ™7, y, € R™, i =
1,...,p; iy € R™, ¢ =1,...,p with r;, > 0, j =
1,...,7, Bo; is invertible, ¢ = 1,...,p with », >
and F; is invertible, ¢ = 1,...,p with », = 0; «
(T2, @11, s ®p 1, Ty, ). (6) I8 the zero dy-
namics canonical form of system S. (Note that here (6)

is not the extended zero dynamics canonical form.) The
dynamics (6a) is the extended zero dynamics of system S.
Without loss of generality, assume that

Assumption 3. The uniform vector relative degrees are
ordered in the nondecreasing fashion: ri <rg < --- <7y,

By Assumption 2, we have C;, i = 1,...,p with r, =
amj,ij .] =
,p with 7; > 0. Therefore, C; has nonzero elements

0, has all zero elements multiplying x; 1, ...
1
only multiplying «.. By Assumption 2, we have A;, i =
1,...,p with r; > 0, has all zero elements multiplying
STy, J=1,...,p with r; > 7.

P

Tjritls -
Now, consider the dynamics of
(1,1, e Tpry)

It has the following structure:

.,$17T1,...,$p,1,

Zij;=Tij+1 + Dijw;

i=1,...,pj=1,...,7—1



D TiNAT;
T, = A + Z Z A j1%j1 + Bo i + Dirw; (7h)
j=1 1=1
@i:ii71+Eiw; 1=1,....p (7C)
where p is equal to the number of distinct r;, i =1,...,p,
that are not zeros, which forms the set {71,...,75};
li,...,lp is defined by 7, = 0 < 7y = 1,41 = -+ =
T, < Ty = Vg1 = 0 = 1, < < 15 =
T4l = = rp, lgr1 = p; (for notational consis-
tency, we define 1o := 0;) Z;; = (1,415, T1,41.,5),
i = _1,...,[7, g = 1,...,71, w; = (uli+1,...,uli+1),
and Bp; := block diagonal (BoJiJrl, ooy Bogiy ), Yy, =

(yli+15' s ayli+1)7 1= 17" 'aﬁ'

For the system (7), @, and w are considered inputs into
the system. By Lemma 1 of Bagar and Pan (2019), this
system (7) is observable with observability indices
S Tpy e Th)

——

mp—times
= Zéi:*lliﬂmj, i = 1,...,p. As we had
done in Lemma 2 of Bagar and Pan (2020), we will

(Fiyooo 1,

m1—times

where m;

transform the system (7) into observer canonical form.
By the proof of Lemma 1 of Bagar and Pan (2019), we
note that the noninterweaved version of the matrix Q =

Izﬁ ~ m.- Thus, we may form the matrix S as in the proof
i=1 "
of Lemma 1 of Basar and Pan (2019) (noninterweaved
version):

'/\7411.../\74113

| My -+ Myp
where M;;, ¢« = 1,...,p, is a #;m; X 7;m;-dimensional

matrix of the form:

Iz, O --- 0
— * g
M;; = !
. 0
| * - % I’rﬁl
and My, e =1,...,p—1,7=14+1,...,p,isamm; x7;m;-
dimensional matrix of the form:
Omixm]‘ te OmiXﬁ’Lj
_ *miximg Omgxm; o O xomy
Mij =
*’rﬁi XM *’rﬁi XM O’rﬁl XM e OmiXﬁ’Lj
and M, © =2,...,p, 5 =1,...,i—1, is a Fym; X 7jm;-
dimensional matrix of the form:
O’rﬁi XM Omixm]‘ Tt O’rﬁl XM

O’ﬁli XM

*ﬁ’bi X Oﬁ’bl XM

*’Iﬁixﬁlj *’IﬁiX’ﬁL]’ OﬁliX’ﬁL]‘

We have the following result.

Lemma 2. The matrix S is invertible and S~! admits the
same structure as S.

Proof. We will show that S is always invertible and
S—1 admits the same structure as S using mathematical
induction on p.

1°  Consider the case p = 1. The result is obvious.
2°  Assume that the result holds when p = k € IN.

3°  Cousider the case when p = k+1 € {2,3,...}. Denote

_ _ M, -
My - My < _1p
S = : . and then o
_ _ Ms_1.5
My -+ - My = = 2D
Mpy - Mpp1| Mpp

= S. By 2°, S is invertible and S—! admits the same form
as S. By 1°, Mﬁ_ﬁl exists and admits the same form as M.

—1
By Matrix Inversion Lemma, we have S~ = [Tl T1_21]
o To1 Ty
when S, M, are invertible, and T11 and Tys are invertible,
Mip
where T11 =5 — /\//]5}1 [ _pl _p,p—l}v To1 =
Mgy [My1 -+ Myp ] Ty Toz = — [Mp1 - M1 ]
M, My,
S! : + Myp, and Tip = —S~1 : Tyt
Mp-1.5 Mp—15

Now, based on the structures preceding the lemma, we
can easily show that T;; admits the same structure as
S and therefore invertible, by 2°. Then, T1_11 admits the
same structure as S~', which is the same structure as
3, by 2°. We can also conclude that Tso admits the
same structure as My;. By 1°, T,y exists and admits the
same structure as Mﬁﬁ. Furthermore, T15 admits the same

M
structure as : and To; admits the same structure
Mﬁ—lﬁﬁ
as [Mﬁl . Mm—,,l]. Thus, S~! admits the same structure

as S.

This completes the induction process and therefore the
proof of the lemma. 0O

By Lemma 1 of Bagar and Pan (2019), in the coordinates
of

(il,la .. -){Blfla s ):VBﬁJ’ ce i’ﬁiﬁ)
—1/-
::S (:Bl,l)"

the system (7) admits the observer canonical form repre-

. ajl,’ﬁa' "7i13,1a' '-iﬁ,ﬂs)

sentation:

5
Z; ;= E Aija®i1 + & 11+ Di jw; (8a)
=1



=1
y=@i1+Ew;, i=1,...,p (8¢)
where &; ; is of m;-dimensional, i =1,...,p, j =1,...,7;
Aimjul = Omixml’iffi_fl_j Z O’Z = 1""7137.7. = 13"'afia
l=1,...,p; and we have made use of the structure of S

and S~ in the above formulas.

Summarizing the preceding, we state the following result.

Proposition 3. Consider the finite-dimensional continuous-
time square MIMO LTI system which is composed of
p € IN finite-dimensional continuous-time square MIMO
LTT systems in parallel configuration as illustrated in Fig-
ure 1 (which is for the special case p = 2). We assume
that Assumptions 1, 2, and 3 hold for the interconnected
systems. Then, the composite system S admits state space
representation (6) by Lemma 1. Furthermore, the sys-
tem admits the following extended zero dynamic canonical
form:

5 P

r,=A.x, + ZAZLiyi + Z’Z\Zl,iyi + D,w (9&)
i=1 =1
. ﬁ ~ ~
ﬁji,j = Ai,j,lil,l + (i?@jJrl + Dm-w; (gb)

)
[

L.pj=1,...,7—1

p
T, = ATy + g Ai s a&1 + Boias + D r,w; (9c¢)
=1

Yyi=xi1+Ew; i=1,...,p (9d)

Y, =C,x, + Fu; + Ew; 1 <i<y (9e)
where p is equal to the number of distinct r;, i =1,...,p,
that are not zeros, which forms the set {71,...,75};
li,... lp41 is defined by rg = -+ =7, = 0 < 71 =
Tli41 = " =Ty, < To i= Tly41 = LETy < e <
Tp = T4l = = rp, lgy1 = p; (for notational
consistency, we define 79 := 0;) @; = (wg41,-..,%,,,),
and BO,i := block diagonal (Bo7li+1’ oo Bojiigy ), which
is invertible; ¥, = (Y, 415+ Y1y, )y @ = 1,0 @ €

Lit1

P P _ .
P ni— P mari . s me o mi .
RE X g e R™ = R&wen ™ =
1,...,p, 7 = 1,...,7; F; is invertible, ¢ = 1,...,l1; and

71_)7j:17"';F’L'5

Ai,j,l == Omixml, lffszlfj Z 07 'L == 1, e
I=1,...,p

4. EZDCF FOR PARALLEL INTERCONNECTED
SYSTEMS IN TANDEM WITH A DIAGONAL
INTEGRATION BLOCK

In this section, we will consider the system studied in
Proposition 3 in tandem with a diagonal integration block

S:

E=At +y+ Dw (10)

where £ is the state of S and the output of the com-
posite system S that consists of system S in tandem
with S, and ¥y is the output of the system S; w is
the disturbance input of the system S; and the matrix
A is a diagonal matrix. By Proposition 2 of Pan and
Bagar (2023b), the system S admits vector relative degree
(m+1,...,m+1,...,rp+1,...,7p+1).

m1-times mp-times

By Lemma 1, the composite system S admits the following
zero dynamics canonical form:

p
:;Bz = /Z\Ziz —|— Z /2\2171'51- + DZ’UJ (113,)
=1

Iii,j = i@j.ﬂ + Di,jw; 1<i<p, 1 <5< Ti(llb)
Ziri41 =AiZ+ By + Diyp,pw; 1 <i<p (llc)

§=oin; 1<i<p (11d)

P P
where z, € Rzizlnﬁzizlmm; & € R™) 0 =
1,...,p; &, € R™, ¢ =1,...,p, j = 1,....m +1,
By is invertible, i = 1,....p; & = (§,...,§,); & =
(-’%z;-’%l,la---7§71,r1+17---7§7p,1;---7§7p,7"p+1)- (11) iS the

zero dynamics canonical form of system S, (Note that
here (11) is not the extended zero dynamics canonical
form.) The dynamics (11a) is the extended zero dynamics

of composite system S.

Based on (11d), (6), and (10), we have &, = A;€; + x; 1,
1 <i<pwithr >0; and Az = A, + CGa,1 <i<p

with 7; = 0; where A = block diagonal (/_41, . ,/_4p). By
Assumption 2, we have /Z\i, i=1,...,pwith r; =0, has all
zero elements multiplying &;2,..., 2,41, J = 1,...,p

with 7; > 0. (Otherwise the relative degree from u; to
y, will be less than or equal to r; = max{0,r;} =
max {7;,7; }.) By a similar argument, we have A, i =
1,...,p with r; > 0, has all zero elements multiplying
.’i)jmiJrQ, .. -7§7j,rj+1; j = 1, RN 0} with Ty > T (Other—
wise the relative degree from wu; to y,; will be less than
or equal to r; = max{r;,7;}.) Thus, the dynamics of

P

(1,15 T1,ry 415> Lp1,- - Tpp41) has the following
structure:
-}Bi,j = ﬁji,jJrl + Dm-w; 1 S 7 S p, 1 S j S T1(12a)
p m/\rj-l-l
L1 =Aiz%s + Z Z Ai i1+ Boiug
j=1 1=1
+Dippw; 1<i<p (12b)
§i=xi1; 1<i<p (12¢)

where &, and w are considered inputs to the system. The
dynamics (12) has the same structure as (7) (after lumping
the states corresponding to the same 7;, i = 1,...,p;
Zij o= (&) = 1,....p,j = 1,...,7% +1; and

1 .
§ = (&) i =1,
the last paragraph before Lemma 2 and Lemma 2, we have

,P). By the same argument as



(12) can be transformed into the observer canonical form
by Lemma 1 of Bagar and Pan (2019).

Summarizing the preceding, we state the following result.

Proposition 4. Consider the finite-dimensional continuous-
time square MIMO LTT system S which is composed of
p € IN finite-dimensional continuous-time square MIMO
LTI systems in parallel configuration as illustrated in Fig-
ure 1 (which is for the special case p = 2). We assume
that Assumptions 1, 2, and 3 hold for the interconnected
systems. Then, the composite system S consists of S in
tandem with the diagonal integration block S, (10), admits
state space representation (11) by Lemma 1. Furthermore,
the system admits the extended zero dynamic canonical
form:

p
T.=Ad.+ Y Aai&+ Dw (13a)
i=1
. p ~ ~
Tij =3 A+ i+ D jw; (13b)
=1
t=1,....,p,7=1,...,1
. ~ p ~ ~
Lip+1 = Az, + Z Airi+10211 + Boiug
=1
+Di,ri+1w; 1= 1)"'7p (130)

P

p ~
where &, € Rzizlnﬁzizlmm; By is invertible; ¢ =
L....p;a; e R™,i=1,...,p,j=1,...,m + 1.

5. CONCLUSIONS

In this paper, we have obtained the extended zero-
dynamics canonical form for a class of square MIMO LTI
systems comprised of multiple square MIMO LTT subsys-
tems in parallel interconnection satisfying the intercon-
nection property. Under the assumption that each sub-
system has already been analyzed and extended to admit
uniform vector relative degree (and has uniform observ-
ability indices), we have considered multiple such subsys-
tems, parallel-interconnected to form a composite system
which admits vector relative degree but not uniform vector
relative degree. We have prescribed an interconnection
property under which the composite system (without any
further modification or extension) admits the extended
zero-dynamics canonical form even though it does not have
uniform vector relative degree. Thus, the composite system
is in a form suitable for robust adaptive control design
with nonuniform vector relative degree if it is further
minimum phase according to Bagar and Pan (2020). The
interconnection property we have prescribed is one where
for each subsystem 4, the connections from subsystem 7,
j # i, satisfy the properties that the relative degree from
each component of Yy, to each component of y, is greater
than max{0,r; — r; }, where r; and r; are the uniform

vector relative degrees for the ith subsystem and the jth
subsystem, respectively, and the relative degree from each
component of u; to each component of y; is greater than
max {7;,7; }. We have further shown that such a composite
system, if connected in tandem with a diagonal integration
block on the output will yield a system that also admits
the extended zero-dynamics canonical form. Thus, when
a number of subsystems are to be incorporated into a
robust adaptive control system, we just need to make sure
that these subsystems are themselves with uniform vector
relative degree (and have uniform observability indices),
and the interconnections of these subsystems and those of
the original system are compatible, i.e., they satisfy the
interconnection property. Then, the (centralized) robust
adaptive controller can be redesigned and applied to the
larger system without requiring any changes in the subsys-
tems if the composite system is minimum phase according

to Bagar and Pan (2020).
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